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Abstract

This paper studies monetary policy when the central bank operates a channel
system of interest control. We conduct our analysis in a dynamic general equi-
librium model with infinitely-lived agents where money is essential for trade. We
characterize the equilibrium allocation and optimal policy when collateral is cost-
less to hold and when it is costly to hold. Under the first assumption, it is optimal
to set deposit and lending rates equal. Under the second assumption, it is optimal
to choose a strictly positive interest-rate corridor. A central bank that must tighten
its policy in response to a change in economic conditions has two options. It can
shift the interest-rate band up while keeping the band constant. Or, it can increase

the interest-rate band.
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1 Introduction

In this paper we analyze monetary policy when the central bank operates a channel
system of interest-rate control similar to ones used by the Bank of Canada, the European
Central Bank, the Reserve Bank of Australia, and the Reserve Bank of New Zealand.
Under a channel system the central bank stands ready to supply an arbitrary amount
of money against collateral at a given borrowing rate and commercial banks that clear
transactions through the central bank can deposit excess money overnight with the central
bank at a deposit rate (see Woodford (2000) for more details). For example, the European
Central Bank offers a so called standing facility with a borrowing rate that is 100 basis
points higher than its policy interest rate and a deposit rate, which is 100 basis points
below its policy rate. For each loan it requires collateral which are typically low-risk and
low-yield assets. All central banks that use the channel system react to changing economic
conditions by shifting the interest-rate corridor - defined by the difference between the
borrowing and the deposit rates. Figure 1 in the Appendix illustrates such shifts using
data from the interest rate corridor operated by the Reserve Bank of New Zealand. The
solid black line is the overnight interbank cash rate that the Reserve Bank targets via its
channel system. The dotted red curve is the borrowing rate and the dotted blue line the
deposit rate.

We consider three questions in this paper. First, what is the optimal interest-rate
corridor? Second, why is it optimal for a central bank to shift its corridor while leaving its
size constant when reacting to changing economic conditions? Third, what do collateral
requirements imply for the optimal monetary policy?

To answer these questions we construct a dynamic general equilibrium model with
infinitely-lived agents and a central bank. Agents face random production and consump-

tion opportunities so that at any point in time some are liquidity constraint while other



agents have idle balances. Once agents have learnt their liquidity needs, they can use
the central bank’s standing facility to either borrow or deposit money at the specified
rates. Central bank credit is subject to a default constraint and so the central bank only
provides collateralized loans.

We characterize the optimal policy for two cases. In the first case the rate of return
of the collateral is such that it is costless to acquire collateral for commercial banks. In
the second case collateral is costly to hold. The following results emerge from the model.
Under the first assumption, it is optimal to set deposit and lending rates equal. Under
the second assumption, it is optimal to choose a strictly positive interest-rate corridor. A
central bank that must tighten its policy in response to a change in economic conditions
has two options. It can shift the interest-rate band up while keeping the band constant
as illustrated in Figure 1. Or, it can increase the interest-rate band. For instance, it can
keep the deposit rate constant and increase the borrowing rate.!

An interesting aspect of our model is that money growth and hence inflation is en-
dogenous unlike in most theoretical analysis of monetary policy that characterize optimal
policy in terms of a path for the money supply. In practice, however, monetary policy
involves rules for setting nominal interest rates and most central banks specify oper-
ating targets for overnight interest rates. This paper therefore is an attempt to break
the apparent dichotomy (Goodhard, 1989) between theoretical analysis and central bank
practices, by investigating interest rate policies as in Woodford (2005).

Literature: Woodford (2003) summarizes the literature that investigates optimal in-
terest rate rules. The channel system is investigated in Woodford (2000, 2001).

The paper is structured as follows. Section 2 outlines the environment. The equilib-

1Since 2004 the US Federal Reserve System im moving towards a channel system since it now
encourages the use of the discount window by commercial banks. Its sets the deposit rate to zero (which
is equivalent of not allowing to deposit) and sets the discount window rate consistently with its target
federal fund rate.



rium with costless collateral is characterized in Section 3. Section 4 defines and charac-

terizes the equilibrium when collateral is costly. Finally, Section 6 concludes.

2 The environment

There is a [0,1] continuum of infinitively-lived agents. Time is discrete and in each period
two perfectly competitive markets open sequentially. The first market is a settlement
stage where all agents produce and consume a general good and settle their claims from
the previous period with the central bank. General goods are produced solely from inputs
of labor according to a constant return to scale production technology where one unit of
the consumption good is produced with one unit of labor generating one unit of disutility.
Thus, producing h units of the general good implies disutility —h, while consuming h
units gives utility h.2

In the second market agents produce or consume a perishable good. At the beginning
of the second market, agents receive liquidity shocks.® These arise from preference shocks
which determine whether agents consume or produce in market 2. With probability 1 —n
an agent can consume and cannot produce. We refer to these agents as buyers. With
probability n, an agent can produce and cannot consume. These are sellers. Agents
get utility u(q) from ¢ consumption in the second market, where u'(¢) > 0, v”(q) < 0,

u'(0) = +o0 and u'(c0) = 0. Producers incur a utility cost ¢(¢) = ¢ from producing

2The environment is similar to the one introduced by Berentsen, Camera and Waller (2004). The
linear preferences in market 1, first introduced by Lagos and Wright (2005) to get a degenerate distribu-
tion of money holdings at the beginning of a period, allows us to interpret transactions that are taking
place in the first market as settlement transactions, as in Koeppl, Monnet and Temzelides (2005). Like
them, we abstract from modelling commercial banks explicitly. Rather, we construct a model where
agents face random needs for liquidity and random opportunities to acquire liquidity.

3This is an approximation for the money market where banks receive liquidity shocks at the end of
the day. Since there is no trading of reserves feasible after this market, banks who need liquidity have
no choice but to use the standing facility offered by the central bank.
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q units of output. All trades are anonymous and agents’ trading histories are private
information. Since sellers require immediate compensation for their production effort
money is essential for trade.* The discount factor is 3 where for technical reasons we

assume that g > n.

Standing facility In the second market a central bank operates a standing facility. It
offers nominal loans ¢ at an interest rate ¢ and promises to pay interest iqd on nominal
deposits d with i > i4.° Since we focus on standing facilities, we restrict financial contracts
to overnight contracts. An agent who borrows ¢ units of money from the central bank in
market 2, repays (1 + ) ¢ units of money in market 1 of the following period. Also, an
agent who deposits d units of money at the central bank in market 2 of period ¢ receives
(1 + 44) d units of money in market 1 of the following period.

Accordingly, in the absence of open market operations, the money stock evolves en-
dogenously as follows

My =M — (1 —n)il + nigd, (1)

where M denotes the per capita stock of money at the beginning of period ¢. In the first
market total loans (1 — n)¢ are repaid. Since interest rate payments by the agents are
(1 — n)il, the stock of money shrinks by this amount. Interest payments by the central
bank on total deposits are nigd. The central bank simply prints additional money to
make these interest payments so the stock of money increases by this amount. The
central bank operates the standing facility at zero cost. Consequently, the central bank

cannot make profits or losses.

4By essential we mean that the use of money expands the set of allocations (Kocherlakota 1998 and
Wallace 2001).

5This restriction eliminates the possibility for arbitrage where agents borrow and subsequently make
a deposit at interest ¢4 > ¢, thus increasing their money holdings at no cost.



Default In any model of credit, default is a serious issue. Since production is costly,
those agents who borrow in market 2 have an incentive to default in market 1 of the
following period. To prevent default the central bank requires general goods as collateral
for each loan. We assume that general goods that are produced in market 1 can be
stored at the central bank with a constant return to scale technology that yields R > 1
units of general goods in market 1 of the following period. We also impose SR < 1
since when SR > 1 agents would store infinite amounts of goods which is inconsistent
with equilibrium. General goods can only be stored at the central bank. Consequently,

general goods cannot be used to issue collateralized IOU’s among private agents.

First-best allocation The expected lifetime utility of the representative agent for a

stationary allocation (g, b) at the beginning of a period is given by

(1=B)W=(1-n)lu(q) —q+(BR-1)b (2)

The first term on the right-hand side is the expected utility from consuming and pro-
ducing the market 2 good. The second term is the utility of producing collateral and
receiving the return in the following period.

It is obvious that the first-best allocation (¢*, b*) satisfies ¢ = ¢* where ¢* is the value
of ¢ that solves u/(q) = 1. Moreover, b* = 0 if SR < 1. Thus, with a negative real interest

rate a social planner would never choose a positive amount of collateral.



3 Symmetric stationary equilibrium

In period ¢, let ¢ = 1/P be the real price of money in market 1. We study equilibria

where beginning-of-period real money balances are time invariant

OM = ¢y M. (3)

We refer to it as a stationary equilibrium. This implies that ¢1/¢ = Py /P = M/M,, =
~. Moreover, we restrict our attention to stationary equilibria where « is time invariant.
We let V(m,b) denote the expected value from entering market 2 with m units of
money and b collateral. W (m,b, ¢, d) denotes the expected value of entering the first
market with m units of money, b collateral, ¢ loans, and d deposits. For notational
simplicity we suppress the dependence of the value function on the time index ¢.

In what follows we look at a representative period t.

3.1 The settlement market

In the first market, the problem of a representative agent is:

W(m,b/l,d) = max —h+V (mg,bs)

h7m2 7b2

st. ¢my+by =h+¢m+ Rb+ ¢(1 +ig)d — d(1 +i)L.

where h is hours worked in market 1. Using the budget constraint to eliminate A in the

objective function, one obtains the first-order conditions

Vin

IN

6 (= ifm>0) (4)

V, < 1(=1ifb>0) (5)



Vin = %ﬂzbz) is the marginal value of taking an additional unit of money into the

second market in period ¢. Since the marginal disutility of working is one, —¢ is the

OV (ma,b2)

utility cost of acquiring one unit of money in the first market of period ¢. V, = =5

is the marginal value of taking additional collateral into the second market in period t.
Since the marginal disutility of working is 1, —1 is the utility cost of acquiring one unit
of collateral in the first market of period ¢. The implication of (4) and (5) is that all
agents enter the following period with the same amount of money and the same quantity
of collateral (which can be zero). This is the reason why, as in Koeppl, Monnet and
Temzelides (2005), we interpret this market as a settlement stage. By itself, this market
does not increase social welfare. Rather, it involves a mere transfer of an asset between
participants in order to erase claims from the previous period. The settlement market
gives the opportunity to all agents to start afresh since, after settling his obligation, an
agent is no longer liable to the central bank.

The envelope conditions are

Wiy =0Wy=RW;=—¢(1+1);Wg= ¢ (1+iq) (6)

where W, is the partial derivative of W (m, b ¢, d) with respect to j =m,b(,d.

3.2 The second market

Let g and ¢ respectively denote the quantities consumed by a buyer and produced by a
seller in market 2. Let ¢, (¢s) and d; (d) respectively denote the loan obtained and the

amount of money deposited by a buyer (seller) in market 2. An agent who has m money



and b collateral at the opening of market 2 has expected lifetime utility

V(m,b) = (1—n)u(q)+ BW(m —pq—dy+ €y,b, 0y, dy)]

+n[—qs + BW(m + pgs — ds + 45,0, (s, dy)]

where q, qs, s, {y,ds and dj, are chosen optimally as follows.

It is obvious that buyers will never deposit funds in the bank and sellers will never
take out loans and therefore d, = 0 and ¢, = 0. It is also straightforward to show that
sellers will deposit as much money as they can if iy > 0 and therefore d, = m; + pgqs. If

iq = 0, they are indifferent and we simply assume d, = m + pq,. Accordingly, we get

Vim,b) = (1 —=n)lulg) +W(m —pg+£,0,£,0)]

+n [_QS + ﬂW (07 b> 07 m—+ pQS)]

where ¢, and ¢ solve the following optimization problems.
A seller’s problem is max,, [—¢s + W (0,b,0,m + pgs)]. Using (6), the first-order

condition reduces to

Bpgs1 (1 +1q) = 1. (7)

If an agent is a buyer, he solves the following maximization problem:

max u(q) + BW(m — pg + £,b,¢,0)

s.t. pg<m-+Lland ¢ </{

where ¢ is the maximal amount that a buyer can borrow from the central bank. If the

central bank requires collateral, then £ = Rb/ [p1 (1 + 1)].



Using (6) and (7) the buyer’s first-order conditions can be written as

u'(q) = pBoi1(1+ Ag) (8)

A=A+ (9)

where B¢, is the multiplier of the buyer’s budget constraint and G¢.1), the one of
the borrowing constraint. Combining (8) and (9) yields

o lHat A

W) = (10)

If the borrowing constraint is not binding and the central bank sets i = 44, trades are
efficient. If the borrowing constraint is binding, then u'(¢) > 1 which means trades are
inefficient even when ¢ = i,.

Using the envelope theorem and (8), the marginal value of money in market 2 is

Voo = (L =n)u'(q)/p+ nfoia(1 +iq) (11)

The marginal value of money has a straightforward interpretation. An agent with an
additional unit of money becomes a buyer with probability 1—n in which case he acquires
1/p units of goods yielding additional utility «'(q)/p. With probability n he becomes a
seller in which case he deposits overnight his money yielding the nominal return 1 + 2,4.
Note that the standing facility increases the marginal value of money because agents can
earn interest on idle cash.

Since in equilibrium there is no default the real return of collateral is (1 — n)BR +

nfBR = BR. The real return differs from the marginal value if A\, > 0. To see this, use

10



the envelope theorem to derive the marginal value of collateral in the second market

Vi (1= ) (Bondgy + OR) +nR (12

Here, an agent becomes a buyer with probability 1 — n in which case the additional
collateral relaxes the borrowing constraint yielding marginal utility S¢.q )\gg—f in addition
to the real return SR which is obtained for both buyers and sellers.

It is critical for the working of the model that the real return of collateral is different
from its marginal value. It implies that agents are willing to hold collateral because of
its liquidity value as expressed by the shadow price A, even though the real interest rate
BR—1 is negative. One can also see that in any stationary equilibrium where agents hold
collateral the shadow value A, must be strictly positive otherwise V, = SR < 1 where the

right-hand side of this inequality is the disutility of producing one unit of collateral.

4 Costless collateral

In this section, we characterize the equilibrium when the rate of return for the collateral
satisfies R = 1/4. In this case a unit of collateral is costless to acquire since the marginal
cost is equal to the discounted marginal benefit. As a consequence, if \; > 0 agents are
strictly better off by increasing their collateral holdings up to the amount where A\, = 0.9
Consequently, in equilibrium the borrowing constraint does not bind (A, = 0) and from

(10) we have
141

W(g) = o = A, (13)

1+Zd

6 Agents are indifferent between any amount of collateral that yields A,. In this case without loss of
generality we assume that they acquire the smallest amount consistent with A\, = 0.

11



where A/BR is the price of collateral in terms of goods in market 2.7 Monetary policy
affects the allocation and welfare by its choice of A. An increase in A increases the cost
of acquiring money and hence market 2 goods with collateral.

The endogenous rate of money growth satisfies

Y= _ (1 n)i + nig (14)
g
Moreover, from (1) z, and z,, satisfy
, RN
7= +da) = (1 =n)(i —da) —, (15)
where
q=2m+ 2 (16)

We can use these four equations to define a symmetric stationary equilibrium with
costless collateral. They determine recursively the endogenous variables (7, q, zm, z¢)-
The first two equations yield ¢ and . Once we have solved for ¢ equation (15) yields
zm and (16) z,. Note that all other endogenous variables can be derived from these

equilibrium values.

Definition 1 A symmetric stationary equilibrium with costless collateral and borrowing

is a list (v, q, Zm, z¢) satisfying (13)-(16) with z; > 0 and z,, > 0.

Proposition 1 For any (i,iq) with i > iq > 0 there exists a critical value

1—0n
B —pn

"To see this note that an agent with one unit collateral can acquire
2 of the current period.

A= >1

BR(1+4iaq)
1+i

units of goods in market

12



such that if 1 < A < A, a unique symmetric stationary equilibrium with collateral exists.

If A =1, a symmetric stationary equilibrium exists with z,, = 0.

Proof of Proposition 1. The critical elements to verify are v > 3 and z, > 0. The
first inequality holds for any (i,44) with i > i4 > 0. Consider now the inequality z, > 0.

Assume ¢ > 0, then from (20) we need 1 +i4 > 7. Replace v to get

L4iq > B(1 —n)(1+1i) +nB (1 +1q)

Rearranging yields (24). Evidently, for a given i4 if ¢ is too high, this constraint cannot
be satisfied. =

The critical elements to verify in the proof is whether z, > 0 and z,, > 0. The first
inequality holds if A < A. It requires that the borrowing rate is not too high, otherwise
borrowing is too costly and agents do not use the standing facility to borrow. The second
inequality holds if ¢+ > 0.

We now derive the optimal policy. The central bank’s objective is to maximize welfare
(2). It does so by choosing the interest corridor i and i4. Suppose first that the central
bank is constraint to set 74 equal to some positive value. What should be the optimal
band? Given i4 the optimal standing facility involves choosing ¢ = i4. This result follows
immediately from equation (13) where ¢ is decreasing in i.

We define the allocation that is attained under the optimal policy as the limiting

allocation that is attained when ¢ — i4. With a zero band we find the following results.

Proposition 2 With costless collateral, the optimal policy i — i4 implements the first-

best allocation q*. The price level approaches infinity.

The proof of the first part is an immediate consequence of equation (13). To un-

derstand why the price level approaches infinity under the optimal policy note that if

13



1 = 1ig > 0, then money is strictly dominated in return by collateral. The reason is that
the collateral can costlessly be transformed into money and so any consumption level
that can be achieved with money can be achieved with collateral at no additional cost.

However, the collateral has the intrinsic return SR = 1 while the return on money is

% < 1. Consequently, the demand for money approaches zero. To encourage agents to
hold the stock of money its price must approach zero. This immediately implies that
p — —+oo and therefore z,, = M, ;/p — 0. This however does not mean that money is
not used since it still plays the role of a medium of exchange in market 2. It only means

that agents do not want to hold it across periods. Only at the Friedman rule ¢ = i; = 0

the returns are equal and so agents are indifferent between holding money, collateral or

both.

5 Costly collateral

We now analyze the case when collateral is costly (SR < 1). Under this condition in any
equilibrium where agents hold collateral the borrowing constraint is binding implying

from (12) that the marginal value of collateral is®
Vy = (1 —n)u'(q)BR/A + nSR. (17)

According to (17) an agent with an additional unit of collateral becomes a seller with
probability n in which case the real return is SR. He becomes a buyer with probability

1—n. In this case he uses the collateral to borrow units of money which allows him

R
¢41(1+1)

8If the borrowing constraint is non-binding (A, = 0), equation (12) reduce to V;, = 3R implying from
(5) that b = 0 since we have SR < 1. Consequently, in any equilibrium where agents hold collateral
it must be the case that the constraint is binding (A\¢ > 0) and so £ = Rb/[¢41(1+14)] implying

% — R/ g4 (1+1)).

14



to acquire m units of goods in market 2. From (7) this amount is %ﬁiid) = GR/A.

Use the first-order condition (5) to get

1—Rp
Rp

= (1 —n)[W(g)/A—1]. (18)

Using (4), (7), (11), and taking into account that in a stationary equilibrium, M /M =

¢/¢y1 =y, we obtain

V_ﬁ(l'i_id) - I
W—(l—n)[u@—l]- (19)
Also from (1) we get
1= 1= (=)0 =) (20)

where z,, = m/p and z, = ¢/p. To derive this equation we use d = m+pq,, ngs = (1—n)q
and we set m = M since in symmetric equilibrium all agents hold identical amounts of
money when they enter the second market. Finally, from the budget constraint of the

buyer we have

qg=2m+ 2 (21)

We can use these four equations to define an equilibrium. They determine the endogenous
variables (v, q, z¢, zm). The first two equations yield ¢ and . Once we have solved for ¢
and 7 equations (20) and (21) yield z, and z,,. Note that all other endogenous variables

can be derived from these equilibrium values.

Definition 2 A symmetric stationary equilibrium with binding collateral constraint is a

list (7,4, ze, 2m) satisfying (18)-(21) with zp > 0, z,, > 0 and Xy > 0.

The system of equations (18)-(21) can be reduced to the following two equations in b

15



and ¢

Riﬁ — (1= (q)/A +n (22)
q = PROF(A) (23)
where
ray - L (1= n)(A—1)

Al T 148n(A—1) - A/R|

Proposition 3 For any (i,i4) with i > iq > 0 there ezists a critical value

—~ 1—ng
A—m (24)

such that if 1 < A < A, a unique equilibrium exists. If A =1, an equilibrium exists with

Zm = 0.

Proof of Proposition 3. The critical elements to verify are v > 3 and z, > 0. The
first inequality holds for any (i,44) with i > i4 > 0. Consider now the inequality z, > 0.

Assume i > 0, then from (20) we need 1+ i4 > 7. Replace 7 to get
1+ig> (1/R— Bn)(1 +1i) 4+ nB (1 +iq)

Rearranging yields (24).

The system of equations (18)-(21)

2 = M/p; 20 = Rb/[péar(1 + )] = BRO(L +a) /(1 + ).

16



75— W @+i)/A+i)+n (25)

v B ) ey

Sat . - Go@-1 (26)
N = 1+id—LT':M(i—id) (27)
q = Zm+ 2 (28)

can be reduced as follows.
From the last equation, we get z,, = ¢ — BRb(1 4 i4)/(1 + 7). Multiplying both sides

of (27) by z,, and replacing the expression for z,,, we get

(g = BRb/A) [y — (1 +ig)] = —(1 —n)z(i — ia)

We can then use (26) to get rid-off 4. And we obtain

(4= BRO/A) (14 i) (1= ) = (1= )i = ia)

(¢ — BRb/A) (1 +1iq)(1 = (1 = n)B[u'(q) — 1] = B) = (1 — n)z(i — ia)

(0= BRY/A) (1= (L= ) (9) = 1] = 8) = (1 = n) T (i = )

Hence, an equilibrium with collateral is defined by the following two equations:

Riﬁ — (1= ) (Q)(1+i) /(1 +4) +n
, BRb
(4= BRYA) (1= (L= m)Blule) ~1) = §) = (1= ) L2 = )

We can use the first equation to replace for v'(¢q) in the second. We then get (22) and
(23).

17



If we substitute (23) into (22), we get

1 , _
75 = L= [BROF(A)] /A +n = RHS (29)

The left-hand side of (29) is constant while the right-hand side is decreasing in b for a
given 1 < A < A. Moreover, we have lim,_.g RHS = 400 and limy_,.c RHS =n < Riﬂ.
Hence, for any policy A with 1 < A < A a unique b > 0 exists. Then, from (23) a unique
value for ¢ exists. Accordingly a unique symmetric stationary equilibrium exist.

Finally, we have lim, x F(A) =+4ocoandsob— 0. =

Note that A < A. Thus if the rate of return of collateral is decreasing, the central

bank has to decrease the largest borrowing rate which is still consistent with the existence

of an equilibrium with collateral.

144

Corollary 4 Given an allocation (q(A),b(A)) any pair (i, i) satisfying A = {5 is

consistent with this allocation.

According to Corollary 4 there are many ways to implement a given policy A since

any interest rate pair (i,i4) satisfying A = 11:;; will do it. Note that the allocation is
affected by a change in the band § = 7 — i4 since increasing ¢ reduces both ¢ and b.
A central bank that wants to tighten its policy can simply increases §. Another way to
tighten monetary policy is to keep the band ¢ constant but to increase both interest rates

(see the policy of the Reserve Bank of New Zealand in Figure 1) since this increases A

as well.

5.1 Optimal policy

We now derive the optimal policy. The central bank’s objective is to maximize the welfare

of the representative agent. It does so by choosing the quantities consumed and produced

18



in each market subject to market clearing. The policy is implemented by choosing the
interest rates ¢ and ig.

Since the central bank is constrained to choose allocations that satisfy (22) and (23)
we can use (22) to substitute A in (23). Moreover, since an equilibrium with a positive
amount of collateral requires that 1 < A < A we can use (18) to define the following
constraint on g. Denote ¢ be the level of consumption when A = 1. From (18), it satisfies

/

1 R)—n
' (q) = L

. Let @ be the level of consumption when A = A. From (18), it satisfies

2

u (q) = léé—gL.Accordingly, the central bank’s problem is

max (1—n)u(g) —q]+ (BR—1)bs.t.

Substituting the constraint into the objective function the bank’s problem becomes

max (1 —n)[u(q) —q] + (BR — 1) a ..

RB(1—n)u'(q)
! ﬂRF < 1-nRp ! >

L5
vV
)

vV
|

After rearranging the first-order condition is

1—=BR [F'(A)AY (q)q

BRE(A) | F(A) wig = A

(1 —n)[u'(q) — 1]+

where \ is the multiplier of the first inequality and A the one of the second inequality.

Proposition 5 There exists a critical value R such that if R < R, then the optimal

policy is A = A. Otherwise the optimal policy is A € (1,Z).
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Proof of Proposition 5. Consider the first-order condition®

1-BR [F'(A)Au"(q)q

BRE(A) | FA) w(g =

O(q,R) = (1—n)[u'(q) —1]+

where
RB(1—n)u (q)

A(q) = Y

Suppose that the optimal ¢ is such that A = 1, i.e., ¢ = ¢ where ¢ satisfies v’ (§) =

1/(1’6_#. In this case A = 0 and A > 0 implying that © (g, R) > 0. Then we have

F(1)=1, F'(1) = =28 and so

1—0R1—nRu"(q)q
BR R-1 u(cj)

O R) =

which is a contradiction. Thus, in any equilibrium ¢ < ¢ implying A > 1.

1-06n _ 1/8—n

1/R6n7le 1=49= 15 - In

Now suppose that the optimal ¢ is such that A = A =

this case A > 0 and A = 0 implying that © (g, R) < 0. One can show that lima_,x F' (A) =

00, limy 5 F'(A) = oo, limp 5 F;((AA))A = 00 and limp_ 5 F{l()AF)(AA) - e

(1/8)*(1-n)(A=1)"

Moreover, (1 —n) [u'(q) — 1] = 1/8 — 1. Accordingly, we get

1-BR R(1-0n)" v (q)q

O@R) =18 =1+ — o r =) w(q

Consider first R — 1. Then we have limg_,; © (¢, R) = —oo. Now consider R — 1/8.

Then we have limp_,1/30 (7, R) = 1/3 —1 > 0. Since 1—531%(15:)—6(711)_271) is monotonically

decreasing in R we have a unique critical value R such that © (q, Ti) = 0. Thus if R < R,

q:cjzlﬁ—_n"andifR>E,qsolves ©(¢,R)=0. =m

9The following proofs omit many intermediate steps. A file containing the full proof is available
upon request.
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6 APPENDIX

In this Appendix we show that if the central bank’s objective is to maximize the expected
discounted utility of the representative agent, the central banks objective is to maximize
(2). To derive (2) we must first calculate hours worked in market 1. The money holdings
at the opening of the first market are m = 0 having bought and m = m_; 4 pq, having

sold. Hence, hours worked are

hy = ¢m+ (1+i)f]—(R—1)b

he = 6lm— (1+ia)(m_ +pas)] — (R — 1)b

Since h = nhg + (1 — n)hy, we get

h = —(R=1Db+¢m+ (1—n)p(1+1i)l —np(l +iq)(m_1 + pgs)
= —(R=1)b+om+¢m_1 —¢m_1+ (1 =n)d(1 + i)l —nd(1 +iq)(m_1 + pgs)
= —(R—=1b+¢+ (1 —-n)pl —np(m_, + pgs) + ¢m_,

= —(R=1)b+ (1 =n)pl — ng(m_y + pgs) + ¢m_,

where the last equality follows from (1) and the fact that d = m_; + pgs, so that

0 =¢m — ¢pm_y + (1 — n)gil — ngig(m_, + pgs) = 0.

Hence we get

h=—(R-1)0b+(1—n)pl+ (1 —n)pm_1 —nepgs = —(R — 1)b.

21



where the last equality follows from the fact that p¢g = m_; + ¢ and market clearing

requires qs = I_T”q. Then, welfare is given by

4% =-%+O—HWN®—d+§:ﬁﬂl—mM@%wH%R—UH

(1 - n)lulg) — g + (BR — 1)b
1-p3

To calculate welfare, it is also useful to consider the economy that starts at date t = 0,
at the beginning of the centralized market when agents having no financial obligations
toward the central bank. From then on, the economy is in steady state. At t = 0, agents
do not hold any collateral and have to produce the steady state level b. Hence, at t = 0,
h(0) = b, while for all t > 1, h(t) = —(R — 1)b.

When agent start with m money holding in period 0 at the beginning of the centralized

market, the expected discounted payoff of an agent from date 0 onward is

W (m,0,0,0) = —h(0) + V (1ma, bo)

In a steady state equilibrium the expected discounted payoff of an agent at the be-

ginning of market 1 is

V(m,b) = (1 —n)u(q) + BW(m —pqg+£,b,£,0)] + n|—qs + BW (m + pgs — d, b, 0, d)]

where

W(m_pq+£, b, g, 0) = _hb+v<m+17b+1>

W(m_'_pqs - d7 blao7d> - _hS + V(m+17b+1>
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Using the definitions for W (m — pq + ¢,b,¢,0) and W (m + pgs — d,b,0,d)] we get

(1 - B)V(m7 b) = (1 - n) [U(Q> - hb] - n[Qs + hs]

= (I1-n)u(g) —q+(R—-1)b

Hence, using the fact that A(0) = b, the expected discounted payoff of a representative
agent is

W(my,0,0,0)(1 = 3) = (1 —n)[u(q) — g+ (BR—1)b

which is equal to (2).
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