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Abstract

This paper extends moment-based estimation procedures to models in which overi-
dentifying information is provided by inequality moment conditions. We derive the
large sample distribution theory for the maximum empirical likelihood estimator of
the finite-dimensional parameter vector # that indexes the moment conditions. We
also propose asymptotically valid confidence sets for 6§ and the slackness associated
with the inequality moment conditions. We provide simulation evidence that our pro-
cedures lead to more precise inference than procedures that ignore the information

contained in the inequality conditions.
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1 Introduction

This paper extends empirical likelihood (EL) estimation techniques to models in which a
subset of moment conditions take the form of weak inequalities rather than equalities, that
is,

FElg1(Xi,0)] =0 and [FE[g(X;,0)] =0 (1)
if § = 0. We study point estimation and confidence sets for 6y and the slackness F[g2(X;, 0o)]
in the equality moment condition. Throughout the paper we assume that 6 is identifiable
based on the moment condition F[g1(X;,00)] = 0.1 E[g2(X;,0)] potentially provides
overidentifying information. Inequality moment conditions are quite common in economic
models. For instance, they occur in environments in which agents face borrowing, regula-
tory, or incentive compatibility constraints. Inequality moment conditions may also arise in
the context of instrumental variable estimation problems, if the researcher believes that a

potential violation of an orthogonality condition takes a specific direction.

Based on our identification assumption, the parameter 6 could in principle be estimated
with the first moment condition and the resulting estimate could be plugged into g2 (X;, ) to
estimate [E[g2(X;, 0p)] by taking a sample average. However, such a procedure is potentially
inefficient. If it is true that some elements of the vector IF[g2(X;,6p)] are near zero, in the
sense that E[g2(X;,00)] = uo/+/n, then the second set of moment conditions provides
additional information, even asymptotically. The inequality condition constrains the limit
objective function of the estimator of 6 and hence reduces its variability. The larger uy,
the less informative is the second moment condition. As ug tends to infinity the estimators
proposed in this paper are asymptotically equivalent to those that are based on g;(X;,0)

only.

eq-mom

To conduct estimation and inference we use the empirical likelihood framework. Information-

theoretic estimators such as EL have emerged as an attractive alternative to generalized
method of moments (GMM) estimators. For instance, Kitamura (2001) showed that the
empirical likelihood ratio test for moment restrictions is asymptotically optimal under the
Generalized Neyman-Pearson criterion. Newey and Smith (2004) find that the asymptotic
bias of EL estimators does not grow with the number of moment conditions and that bias-

corrected EL estimators have higher-order efficiency properties. A detailed discussion of

IThe estimation of models in which the moment conditions only enable the identification of (non-
singleton) subsets of © has been explored, for instance, by Tamer (2003) and Chernozhukov, Hong, and
Tamer (2002). It will not be pursued in this paper.



empirical likelihood methods in econometrics and statistics is provided in the monograph
by Owen (2001). While we have not extended the above-mentioned higher-order optimal-
ity properties of empirical likelihood procedures to the class of irregular models considered
in this paper, we believe that these results provide a good reason for studying empirical
likelihood estimators in the context of models with moment inequality constraints. In fact,
since moment conditions are imposed as parametric constraints on the empirical likelihood

function, an extension to inequality conditions is quite natural.

The contribution of the paper is threefold. First, we derive the joint limit distribution
of the EL estimators of 6y and F[g2(X;,0y)]. EL estimators are conveniently expressed
as the solution to a saddlepoint problem. Unlike the previous literature, e.g., Kitamura
and Stutzer (1997) and Newey and Smith (2004), that develops the EL limit theory from
an expansion of the first-order conditions associated with the saddlepoint, we follow Cher-
noff (1954) and Andrews (1999) by deriving a quadratic approximation of the EL objective
function and analyzing the distribution of its saddlepoint. The inequality moment condi-
tions translate into sign restrictions on the corresponding Kuhn-Tucker parameters in the
saddlepoint formulation of the EL problem. Our asymptotic analysis has a straightforward
extension to the class of saddlepoint estimators that Newey and Smith (2004) refer to as
generalized empirical likelihood estimators. However, the extension is not pursued in this
paper.

Second, we invert empirical likelihood ratio test statistics to obtain confidence sets for
6o and F[g2(X;,60p)]. The near-zero slackness parameter ug enters the limit distributions
of the EL estimator of # and related empirical likelihood ratio statistics, which complicates
statistical inference. Since ug cannot be consistently estimated we construct a Bonferoni
type confidence set for 6, that takes a union of confidence sets that are valid conditional
on particular values of ug. This complication is unrelated to the saddlepoint formulation
of the EL estimation problem and also arises in a more conventional GMM analysis of
model (1). The nuisance parameter dependence of the limit distributions resembles the
difficulties encountered in models with nearly integrated regressors, e.g., Cavanagh, Elliott,

and Stock (1995).

Third, based on a simulation of the non-standard limit distribution of the empirical
likelihood ratios, we show that for small values of ug the proposed empirical likelihood
estimator of 6y dominates the estimator that ignores the information in the inequality mo-
ment condition in a mean-squared-error sense. Moreover, the proposed confidence sets for

0y and wug performs well compared to the exact asymptotic confidence sets based on the



Flg1(X;,00)] = 0 estimator.

One can introduce an additional parameter vector ¥ = IE[g2(X;,0)] and express the
second moment condition as E[g2(X;,00) — Jo] = 0, where 99 > 0. Thus, rather than
using the inequality moment condition directly, it could be translated into an inequality
restriction on a set of parameters. There exists an extensive literature on estimation and
inference in the presence of inequality parameter constraints of the form ¥ (6,9) > 0, where
¥(+) is a deterministic function of the model parameters, e.g., Chernoff (1954), Kudo (1963),
Perlman (1969), Gourieroux, Holly and Monfort (1982), Shapiro (1985), Kodde and Palm
(1986), and Wolak (1991). Extensive literature surveys are provided in in Gourieroux and
Monfort (1995) and Sen and Silvapulle (2002). EL inference subject to a constraint of the
form ¢(6,9) > 0 has been considered by El Barmi (1995), El Barmi and Dykstra (1995),
and Owen (2001). However, neither of them provides a complete limit distribution theory
and considers the important case in which the inequalities stem directly from the moment

conditions.

Notice that the special case of FE[g2(X;,00)] = 0 translates into 99 = 0, which means
that ¥y lies on the boundary of its domain. Hence, our asymptotic analysis is closely
related to Andrews’ (1999, 2001) work on estimation and testing when a parameter is
on the boundary of the parameter space. Andrews (1999) considers estimators that are
defined defined as extremum of an objective function. He constructs a stochastic quadratic
approximation of this objective function that is valid in large samples and shows that the
asymptotic distribution of interest is given by the distribution of the possibly constrained
extremum of the quadratic limit objective function. We extend some of Andrews’ results to

estimators that are defined as a saddlepoint rather than an extremum.

The plan of the paper is as follows. Section 2 presents the assumptions underlying our
analysis and the definition of the EL objective function and estimator. To motivate our
setup we provide two simple examples: an instrumental variable estimation problem and a
model of consumption in the presence of borrowing constraints in the spirit of Zeldes (1989).
Section 3 develops the asymptotic distribution theory for the EL estimator and its objective
function in the presence of inequality moment conditions. Section 4 constructs interval
estimators for 6y and IE[g2(X;,00)]. Since the limit distributions of our estimators are non-
standard, we illustrate their large sample behavior with simulation methods in Section 5.
Moreover, we make a comparison with the asymptotic properties of simple procedures that
ignore the information in the inequality moment condition. Section 6 concludes and the

Appendix contains all proofs and technical Lemmas.



We use the following notation throughout the paper: « 2.7 and “=" denote conver-

)

gence in probability and distribution, respectively. signifies distributional equivalence.

If A is an n x m matrix then ||A|| = (tr[A’A])Y/2. I{z > a} is the indicator function that is

one if > a and zero otherwise. We abbreviate the *

‘weak law of large numbers” by WLLN,
the “uniform WLLN” by ULLN, and use w.p.a. 1 instead of “with probability approaching

one.” We denote R"~ = {z € R" |z <0} and R"" = {z € R" |z > 0}.

2 Notation and Setup

The moment conditions that we are exploiting for estimation are given in Equation (1).
Let © be the domain of the parameter vector 8. The functions g; and g, are of dimension
h1 x 1 and hg X 1, respectively. Let h = h1 + hg and g(XZ,G) = [gl(Xi,G)’,gg(Xi,G)]’. We

use g;l)(Xi, ) and gj@

(X, 0) to denote the first and the second order partial derivatives of
9j(X;,0), the j'th element of the vector g(X;,6), with respect to 6. Moreover, we collect
the first-order derivatives in the matrix ¢ (X;,6) = [ggl)(Xi, 0),... ,g,gl)(Xi, 0)]. We begin

by stating some fundamental assumptions.

Assumption 1 The random vectors X;, i = 1,...,n are i.i.d. on a probability space

(Q,7,P). aiid
Assumption 2 The parameter space © for 6 is an m-dimensional compact subset of R™.  a_theta
Assumption 3 The function g(x,0) is continuous at each 6 € © with probability one. a_gcontinuity

Assumption 4 FE[g1(X;,60)] =0, and E[g1(X;,0)] # 0 for§ # 0y. Moreover, IE[g2(X;,00)] =
Uno = 1o +n"Y?uy >0 and Elg(X;,00)9(Xi,00)"] = J, — J is non-singular. a_Eg

Assumption 5 E [SUpoe@ llg (X,G)Ha} < 00 for some o > 2. a_Egalp

Assumption 6 The matriz E[g%l)(Xi, 600)'] has full column rank. IE |supgeg Hg](CI)(X,@)H <
%0, I [suppee |97 (X.0) ] < o0 for j=1,....h. a-glg?

Most importantly, we assume in Assumption 4 that the parameter 6 is identifiable based
on the equality moment condition IE[g;(X;,00)] = 0. The expected value of go(X;, ) is
denoted by v, o > 0. In order to be able to study the local properties of our estimation

and inference procedures we allow for n~/2 drifts in the parameter 6 and the slackness of



the inequality conditions. In general, it will turn out that moment conditions for which the
corresponding element of vg is strictly greater than zero do not affect the limit distribution
of estimators and test statistics. However, if vy = 0 and the expected value of the second
set of moment conditions are close to zero in the sense that ug > 0 then it will influence the

limit distributions that we are deriving subsequently.

2.1 Two Examples

Example 1: Suppose a researcher is interested in estimating the following regression model
Xy, = X 00+ Us, (2)

where Xy ; is an endogenous regressor that is correlated with the error term U;. Moreover,
the researcher has two sets of instrumental variables, denoted by X;, and X3 ;. She is
confident that the first set of instruments, X; ;, is orthogonal to the error term U;, but
is concerned that the second set of instruments is potentially invalid. However, if X5 ; is
not orthogonal to U;, then economic intuition suggests that the correlation is, say, positive.
In this context two questions arise. First, how can we efficiently incorporate information
from the second set of instruments in the estimation of 637 Second, how can one assess
whether the second set of instruments is orthogonal to the error term U;? Define g;(X;,0) =
X;i(Xyi— XY ,;0), j = 1,2. Hence, the model can be characterized in terms of the moment
conditions (1).

In the returns-to-schooling literature Xy ; is a measure of income and X x ; is a measure
of educational attainment, such as years of schooling. The error term U; typically captures
unobserved ability which is likely to be positively correlated with educational attainment.
Hence, to account for the endogeneity one has to find instrumental variables that are or-
thogonal to innate ability, e.g., quarter of birth as in Angrist and Krueger (1991). Our
framework allows the incorporation of additional instruments for which the researcher has

some beliefs about the sign of their potential correlation with unobserved ability.?

Example 2: Inequality moment restrictions arise, for instance, in environments in which
agents face liquidity or regulatory constraints. Zeldes (1989) studies whether the presence
of borrowing constraints can explain households’ violation of consumption Euler equations.

Consider a two-period consumption model. Households choose consumption C' in period 1

2This paper does not address the problem of weak instruments.



to maximize expected discounted utility:

max U(Ch) + BE, [U((l—i—r)(Al +Y1—Cl)—|—Y2)}
s.t. Ci1 <Y+ A;.

In period ¢ the household receives the income Y; and can invest at rate r. The wealth in the
initial period is A, whereas the wealth at the beginning of period 2 is given by (1+r)(A; +
Y7 — C4). The households face the borrowing constraint that period 1 consumption cannot
exceed Y7 + A1. The Kuhn-Tucker condition for this constrained optimization problem is of
the form

p=UN(Cy) = B(L+7)E [UP(Co)] >0,

where 4 = 0 if C; < Y7 + A;. If the borrowing constraint is binding then the marginal
utility of consumption at t = 1 exceeds the discounted expected marginal utility for t = 2

and p > 0.

Suppose one has observations on X; = [C;1,C;2,Z; ], where Z; is a vector of non-

negative instruments. Let
9(X;,0) = Z;1[U'(Ci1) — B + 1)U (Cy2)],

where 6 is comprised of 3, r, and the parameters of the utility function U(C). In the absence
of borrowing constraints the consumption model can be estimated based on IE[§(X;,8)] = 0.
However, if binding borrowing constraints are a concern, then inference is more compli-
cated. Zeldes (1989) constructs an observable proxy S; e {0,1} from the wealth-to-income
ratio that indicates if consumption of household ¢ is constrained. Zeldes argues that if
the wealth threshold is sufficiently large, then some households may be incorrectly classi-
fied as constrained, but it is unlikely that unconstrained households are misclassified. Let
X; = [X/, 5], define g(X;,0) = g(Xi,0)S; and go(X;,0) = g(X;,60)(1 — S;). Thus, the

consumption model can also be characterized through the moment conditions (1).

Zeldes (1989) ignores in his empirical analysis the inequality moment condition when
estimating 6. However, if the marginal utility differential of the borrowing constrained
households is small or the fraction of misclassified households is large, then the estimation
based on E[g1(X;,00)] = 0 potentially ignores important information. Our subsequent
analysis of the paper we show how the sample information can be used more efficiently by

incorporating the inequality moment condition into estimation and inference procedures.



2.2 Empirical Likelihood Estimation

Among the various methods that could be used to estimate 6y based on the moment restric-
tions (1) we consider the method of maximum empirical likelihood. The notion of empirical
likelihood was introduced by Owen (1988) and extended to incorporate moment restrictions
by Qin and Lawless (1994). Our analysis has a straightforward extension (not pursued in
this paper) to the class of estimators that Newey and Smith (2004) refer to as generalized
empirical likelihood estimators, e.g., exponential tilting and continuous updating GMM.

The (constrained) empirical likelihood function is

Lgr(0,p) ®3)

= {sz pi >0, Zpi =1, ZPin(Xiaa) =0, Zpig2(Xi70) > 0} ;
i=1 i=1 i=1 i=1

where p; is a probability mass on X; and p = [p1,...,p,]. The maximum empirical likeli-

hood estimator (MELE) of 6 and p is defined as

{00, 5L Pn.pL} = argmax Lp(0,p). (4)
0€O, p
Let
1 n n n
Upr(,p, A1 2) = —— ;mm + ;pim(xme) + A ;pm(&,e» (5)

According to the Kuhn-Tucker Theorem there exist 5\71’1 € RM and S\H,g € R"~ such that
(én,EL,ﬁn7EL,5\n71,5\n,2) is a saddlepoint of ¥r. Since the expected value of go(X;,0) is
only required to be non-negative, Ao is restricted to be less than or equal to zero. Based on
the first-order conditions associated with the saddlepoint of ¥ gy, it is possible to express the

probabilities p, g, as a function of 5\,“1 and 5\n,2. It is common in the empirical likelihood

literature to exploit this relationship and modify the function Wg; to eliminate the n-

dimensional vector p. Let
1 n , ,
G021, 02) = — 3 In (14 Xjgr (X5, 0) + A202(X;, 0)) (6)
i=1
and
Aa(0) = {NeERM™ | Ngi(Xi,0) > —1+k,i=1,...,n},
Apo(0) = {NeR™ | Ngo(X,0) > —1+k,i=1,...,n}

for some x > 0, and define the estimator 6, based on the following saddlepoint problem?

3k > 0 ensures that the argument of the logarithm is strictly positive.

eq-_elobj

eq_psiobj

eq_gnobj

eq-gel.saddle



0,, = argmin ~ max Gn(0, 21, \2). (7
0€0 A€M, 1(0), A2€A] ,(0)

The domains of A; and Ay are chosen to ensure that the argument of the logarithm in (6)

is strictly positive.

The (Kuhn-Tucker) first-order conditions associated with ¥, are of the form
b= n(l+ >‘/191(Xi7;) + A2g2(X;,0))’ ®)
n n .
0= ;p”gl(x“e) - iz_; 1+ )\’lgl()?j,(;z—’l-elggg(Xi,ﬁ)’ ®)
b e ipigz(Xi’ " iZ ) T T 1)

where Ao ; = 0 if the j’th element of (10) is strictly positive and Ag ; < 0 otherwise. The
objective function (6) is obtained by replacing the probabilities p; in the the function ¥ gy,
with (8). It is straightforward to verify that the first-order conditions for the modified
saddle-point problem (7) are given by (9) and (10). Hence, as long as the constraints
N.gr(X;,0) > —1 4 & that appear in the definitions of A,, ;(#) and /A\;VQ(H) are not binding,
én and the associated S\n,l and 5\n72 satisfy the first-order conditions for a saddlepoint of
Upr.

It turns out that the large sample behavior of the saddlepoint of the function G, (6, A1, A2)
is difficult to analyze directly, since the minimization with respect to As is restricted to non-

positive values. We therefore define the function
G;(e,l/,)\l,)\g) :Gn(e,)\l,)\g) _V/)\Q, (11)

where v is a ho X 1 vector. In order to develop an asymptotic distribution theory for the

estimator 6, it is more convenient to study the following problem

min ~ max G} (0,v, A1, A2). (12)
0€0, v>20 X €A, 1(6), A2€A, 2(6)
In the G}, formulation the vector Ay in the interior maximization problem is not restricted

to be negative, that is,

Ao € Apo(f) = (A e R | Ngo(X;,0) > 1+ k,i=1,...,n}.
This will make it easier to approximate the profile of G}, that is obtained by maximization
with respect to A\; and Ay for each value of # and v.

As mentioned in the Introduction, one could also rewrite the second moment condition
as

FElg2(Xi,60) — Yo,n) = E[g2(X;,00,9.,)] =0

eq-elfocl-3

eq-gnstarobj

eq_gelstarsaddle



and restrict the auxiliary parameter ¥y to be nonnegative. The estimators @n and 19n can

be defined as the saddlepoint eq-geltilde.saddle
min max G} (0,v, A1, A\2), (13)
0€0, 920 \1€hn,1(8), A2€hn,2(6)
where eq-geltilde
- 1 <
Gn (0,9, A1, A2) = - > (14 Xga(Xi, 0) + Ny [ga(Xs, 0) — 9]). (14)
i=1

As in the Gj, formulation the vector Ay is not constrained to be less than or equal to

*

», and én have the same

zero. The following lemma states that the three functions G,,, G

saddlepoints.
Lemma 1 é, 5\1, Ao are a solution to the saddlepoint problem (7)

(i) if and only if 6, A1, Ao, and 1 are a solution to the saddlepoint problem (12);

(i) if and only if 0, A, Ao, and D are a solution to the saddlepoint problem (13).

The elements of the ho X 1 vector v are defined as

G (0,21,A PN
. A : 2.5 ) U if )‘273' =0
Vj == 19] - 0,21,A\2
0 Zf >‘2,j<0, j:].,...,hz.
1_gelequiv
From the definition of the function G,, in (6) and the first-order condition (10) it can
be deduced that eq-nuhat

p=19= Zﬁz‘gz(Xi7é)7 (15)
i=1

that is, the hy x 1 vector ¥ in the G, formulation of the saddlepoint problem provides an

estimate of the expected value of go. To obtain a more compact notation we let

A=A, and An(0) = Ap1(0) ® A, o(6).

) 3

Gn(6, ) is used to abbreviate G, (6, A1, A\2). We define the hy x h matrix M = [0 I] such
that
G (0,v,)) = G (0,\) — V' M. (16)

We will subsequently study the saddlepoint of G} (6, v, \) given by

{0n, Dy} = argmin  max GX(6,v,))
0€0, v>0 A€, (0)
AO,v) = max GL(0,v,N).

AeA,(0)
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The introduction of the vector v will make it easier to approximate the profile objective

function

G (0,v) = G (0,1, A0, 1)) (17)

and will ultimately to a simplification of the asymptotic analysis.

3 Large Sample Analysis of the MELE

The large sample analysis proceeds in three steps. First, we establish the consistency of
the MELE. Second we construct a quadratic approximation, denoted by G, (6, v, A) of the
objective function G (4, v, \) in the neighborhood of 8 = 6y, v = 1y, and A = 0 and show that
the saddlepoint estimators defined on G,(6,v,A) and Gy, (0,v, \) are y/n-consistent. The
third step consists of proving that the estimators obtained from G, and and its quadratic

approximation Gy, are distributionally equivalent in large samples.

3.1 Consistency

It is well known that the MELE with equality moment conditions is consistent. Since
Assumption 4 guarantees that 6y is identifiable from E[g;(X;,6p)] = 0 it is not surprising
that én is also consistent in our framework. However, we can also show that the difference
between i, characterized in Lemma 1 as derivative of G, (6, A1, A\2) with respect to Ag, and
Un,0 = IE[g2(X;, 6p)] converges to zero. The vector of estimated Kuhn-Tucker parameters A

also converges to zero. The consistency result is formally stated in the following theorem.

Theorem 1 Suppose that Assumptions 1 to 5 are satisfied. Then 0, 2 6y and 0, —

VUno == 0. Moreover, A0y, 7)) == 0.

3.2 Quadratic Approximation of Objective Function

We proceed with a second-order Taylor approximation of the objective function G}. Let
B =10V, N, Bno = [0h,v,0,0]', and abbreviate G, (0,v,\) as G, (3). Define Gz(l)(ﬁ)
and GZ@)(ﬂ) to be the first and the second order partial derivatives of GZ(/3), respectively,

and write the objective function as

GA(8) = GiglB) + ~Ru(B), (18)

where

t_consist

eq-gnapprox

€q-gnq
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Ciq (8) = G5 (Bn0) + G (Buo) (8= Bro) + 5 (8~ o) Co® (Bug) (B~ Buo) - (19)

%Rn(ﬁ) is the remainder term of the Taylor approximation. The domain of 3 is given by
B, = {5 =10,/ N |6e€0,veR Ne A, )N Ag},

where A§ = {A € R" : ||\ < n~¢}. For technical reasons it is convenient to impose that
the domain of A shrinks at the rate n=¢. We show in Lemmas A.1 and A.2 in the Appendix
that this domain restriction asymptotically does not affect M. A bound for the remainder

R, (8) is provided in the following lemma.

Lemma 2 Suppose Assumptions 1 to 6 are satisfied, then for all v, — 0

IRn(8)]
=op(1), 20
ﬁEB":HBSHBn,OHS'yn (14 [[v/n(B = Bno)l?) op(1) (20)

where Ry (08) is the remainder term in (18).

The first and second derivatives of G}, evaluated at 3, o are of the form

0 0 Qn
GV (Bro) = [0,0,n72Z;], GiP(Bao)=1] 0 0 M |, (21)

where
n n
1

1 1
Zn = 7= 2 10(Xi,00) = Mvnol, Qu= 73 9" (Xi60), Ju = ) 9(Xi,00)9(Xi, 6o
i=1 i=1 i=1

We proceed by transforming the parameter vector 3. Let b = [s',u/, '] = \/n(8— (o), where
Bo = [00,,0]". The domain of b will be denoted by B,,, where B, is defined such that

s €Sy =vn(O—0), ue U, =vn(R"" —wy), 1€ L,(s)={l|1/vVn€A(0+5/vn)}.

Notice that S, expands to R™ and the j’th ordinate of U, expands to R if the j’th element
of vy is strictly positive. The objective function G}, can be expressed in terms of the “local”

deviations b from 3y as
Gr(s,u,l) =nG; (0 + n 28, vy +n 2, nil/Ql) =G (s,u,0) +R. (22)

We deduce from (19) and (21) that the quadratic approximation of the objective function

is of the form

l_remain

eq-glg2

eq-glocal

eq_gnglocal
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G, (5.1
= U T+ Qs = M (= o)) all = 7 [+ Qs — M~ )
5 (T Qs = M (= w0) T (Z + Qs — M (1 o). (23)

For notational convenience we will stack the parameters s and u into the vector ¢ = [s',v')’

with domain ®,, = S,, ® U,. Let ¢g = [0,u(]” and R, = [-Q),, M']". Then we define eq_gngphil
1
Gng(91) = —5(1~ T Zn = Ry (& = @) Ju(l = I [ Zn — R (6 — o)) (24)
1
+5(Zn = Bi(6 = 60))' I (Zn = Ry, (& = 0))-

The coefficient matrices of the function G  have the following limit distribution. Notice

that the limit covariance matrix of Z,, depends not just 8y but also on vy.
t_jrz

Theorem 2 Suppose Assumptions 1 to 6 are satisfied. Then
(Jn7 Rn7 Zn) :> (J7 RJ Z)7

where J =lim, o Elg(X;,00)9(X:,00)'], R = lim, o, [~E[gM(X;,00)]', M"]" and Z ~
N0, J — M'voryM).

We now define two estimators: b is the standardized version of the actual empirical
likelihood estimator. The second estimator, I;q is obtained by solving a saddlepoint problem

based on the objective Gy (¢,1) without restricting b to lie in B,,. Formally,

(¢) = argmax;cp (y) Gn(d,0), ¢=argmingcq, Gi(4,1(0))

l~q ((b) = argmaXjcrh gr*Lq((b’ l)7 ng = argmin(beq) gr*zq (¢7 l~q ((b))?
where L,,(¢) corresponds to L, (s) defined above and eq-phidomain
q)(l/o) = {(,25 = [S,,U/] S RrR™ ® Rh2 | Uj Z 0 if ,; = 0} (25)

The vectors Eq and Bnq are defined by stacking and transforming the elements of gz~5q and

1,(¢) appropriately.

Theorem 3 Suppose Assumptions 1 to 6 are satisfied, then

(i) /1(Bng — o) = Op(1)
(“) \/E(Bn - 50) = Op(1)7
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(iii) NG} (Bn) = nGhy(Bn) + 0p(1),
(iv) nqu (Bn) = nG;qu (Bnq) + Op(l):

(v) nG},(Br) = nGy(Bug) + 0p(1).

Theorem 3 establishes that Bn and /S’Hq are \/n-consistent. Moreover, the theorem states
that the discrepancy between G (8) evaluated at 3, and Gnq(B) evaluated at g vanishes.

Thus, the large-sample behavior of likelihood ratios can be approximated by the behavior

of Gy (Bnq)-

3.3 Limit Distribution of MELE

We begin by studying the limit distribution of l;q. From (24) it follows immediately that
Gnq(@,1) is maximized with respect to I € R" by

ly(¢) = J ' (Zn — Ry (¢ — o)) - (26)

According to Assumption 4 the limit of J,, is non-singular. Moreover, the function g(z,0)
is continuous at each § € © (Assumption 3). Hence, I,(¢) is well defined w.p.a. 1 and the

concentrated objective function is of the form
_ ~ 1
Gnq(®) = Gng(9:14(9)) = 5 (Zn — R, (¢ = ¢0)) Ty, (Zn = R, (¢ — o)) (27)

The limit distribution of ¢, can be determined from Gr:y(#). We then use (26) to obtain the

distribution of I,(¢,). The results are summarized in the following theorem.

Theorem 4 Suppose Assumptions 1 to 6 are satisfied. Then

((qujq((gq)) = (P,L), and g;:q((;sqazq(éq)) = Q;('P,,C),

where
P = argmin 3 (7~ (9~ 60))' T (Z ~ B9~ 60))
E®(vo)
L= JNZ-R(P-),
Gi(P.L) = L(Z—R(P—60))T (2~ R(P~ n))

The final step in obtaining the limit distribution for Bn is to show that b and l~)q are

asymptotically equivalent.

t_opl

eq_lqtilde

eq-gngbar

t_cltbq
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Theorem 5 Suppose Assumptions 1 to 6 are satisfied, then b= l;q + 0,(1).

We will now explore the limit distribution of b in more detail. First, we will show that
the limit distribution of § does not depend on the go-moment condition if vy > 0. In this
case, our estimator is asymptotically equivalent to the one that only uses the g;-moment
condition. The result has a straightforward generalization: elements of the vector go that
have a strictly positive expected value do not affect the limit distribution of 0. Second,
if vy = 0 and IE[ga(X;,00)] = n~"?ug, then the parameter ug affects the shape of the
limit distribution. The larger ug the less information about 6 can be extracted from the
inequality moment condition. Third, for the case h; = 1 we derive the asymptotic mean
and the variance of § and compare it to the mean and variance of an estimator that only

uses E[g1(X;,6p)] = 0 and one that potentially wrongly imposes FE[g2(X;,00)] = 0.

Irrelevant Inequality Moment Conditions. We partition the random vector Z and the

matrices R and J as follows:

Z -Q7 0 Jii J
7 1 R - Q1 CJ= 1 Ji2
Zs -Q, I Jo1 Jao
The partitions conform with g(z,0) = [¢7(z, 8), g5(x,0)]’. Using the formulas for marginal

and conditional means and variances of a multivariate normal distribution it is straightfor-

ward to verify that

(Z —R(¢—¢0) T (Z—R(¢— ¢0))
= (Zi+Q19) I (20 + Q)s) (28)
+[Z2 4+ Qhs — (u— uo) — Jar i1 (Z1 + Q1s)]

X(JQQ — J21J1_11J12)_1[Z2 + QIQS — (u — UO) — J21J1_11(Zl + Q/ls)]

If vy > 0 then the limit distribution of @ is obtained by minimizing (28) with respect to
u € R". Hence,

U—ug = Zs+ QaS — Jon J 11 (Z1 + QS),

which implies that the second summand in (28) is zero. We can draw two important con-
clusions from this algebraic manipulation. First, since the first summand does not depend
on any partition of Z, @, and J associated with go(x,0) we deduce that inequality mo-
ment conditions that hold with strict inequality do not influence the distribution of S and,
therefore, asymptotically do not provide any additional information on 6. Second, although

the distribution of the random vector Z depends on vg, notice that Z; ~ N (0, J11). Thus,

t_limdis

eq-limobjphi
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neither the distribution of S, nor the distribution of Gy (P, £) depends on the specific values

of vy if vy > 0. In particular,
S = QU 4 =V (0@ ).
Using the formula for the inverse of a partitioned matrix it can be verified that
L1 =J71(Z1+Q1S), Ly=0.

Finally,
2G,(P,L) = Z1[J5" — I Q@I Q1) Q1T 2, (29)
which corresponds to a x? random variable with m — hy degrees of freedom. Thus, the limit

distributions reduce to the well-known case in which estimation and inference is based only

on E[g1(X;,00)] =0.

Weakly Informative Inequality Moment Conditions. Now suppose that F[g2(X;, 00)] =

n~1/2ug, where ug > 0. Then the concentrated asymptotic objective function becomes

Gy (I ) = 5 (24 Q's = M'(u—w)) T HZ+Q's = M(u—w))  (30)

and has to be minimized subject to the constraint that w > 0. Using a change of variables

and defining & = v — ug we obtain
- 1
Gy ([8' w0 +))) = 5(Z+ Qs = MG (2 + Qs — M'a) (31)

where 4@ > —up. Thus, the further E[g2(X;, 6p)] is apart from zero (in the local metric) the
less often the constraint on @ is binding and the closer limit distribution to the one that is

obtained if the second set of moment conditions is ignored.

Mean-Squared-Error Comparison. For the special case of and ho = 1 we derive an
analytic formula for the asymptotic mean-squared-error of the estimator §. Consider the

concentrated limit objective function for the estimator of ¢:

* 1 —
G, (9) = 5(2 —R'(¢—0)) T (Z - R(d—¢0)). (32)
In the absence of a constraint on ¢ the limit covariance matrix of ¢ were given by

QSS QSU
QUS Quu

Q=(RJ'R) ' =

The partitions of © conform with the partition ¢ = [¢',4')’. It can be verified that

Qss = (QlJﬂlQi)_l
st - quQqI;Qus = (Q‘]_lQl)_l‘
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Without loss of generality we are re-normalizing the inequality moment condition such that
Quu = 1. Let ¢(-) denote the probability density function and ®(-) the cumulative density
function of a A(0,1). We show in the Appendix that

ES] = Qule(uo) — uo®(uo)] (33)
<P2(U0) uop(uo)

V[S] = Qs+ quQus(l - (I)(uo)) |:1 - (1 — (I)(’u,o))2 - 1— (I)(UO) (34)

+ <u0 + %) Q(UO)] - quQus

and the mean-squared-error is given by

MSE(S) = Qs + QuuQus[(uZ — 1)(1 — (ug)) — uop(ug)]- (35)

The limit distribution of the empirical likelihood estimator that is based only on IE[g; (X, 60)] =
0 can be expressed as S(1) ~ N(0,9s,). Since?

(42 = 1)(1 = ®(u0)) — o (uo) 2 o =0

uo

=

o(ug) ifug >0
we obtain the following efficiency result:
Theorem 6 Suppose Assumptions 1 to 6 are satisfied and hy = 1, then

MSE(S) < MSE(S)).

The limit distribution of the estimator 812y that imposes IF[g1 (X5, 00)] = 0 and IE[g2(X;, 6o)]

can be written as
Sq2) ~ N((QJ_lQ')_lQJ_lM/UO, Qss — quQus>
Hence, for ugp = 0 we obtain the ranking
MSE(S(12)) < MSE(S) < MSE(Sx)).

As the slackness of the inequality constraint, ug, increases, the performance of 312y quickly

deteriorates. We provide a numerical illustration in Section 5.

4 Inference

Based on the results obtained in the previous section, we will proceed by deriving asymp-

totically valid confidence sets for 8 and v.

4See Pollard (2002, page 317).
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4.1 Confidence Sets for 0

A confidence set for € can be obtained by inverting the empirical likelihood ratio statistic
for the null hypothesis 6y = 6. We will first study a joint confidence interval for all
elements of the parameter vector . An extension to confidence regions for subsets of
parameters is fairly straightforward and will be discussed at the end of this subsection. The
derivation of the confidence sets is complicated by the dependence of the limit distribution of
the maximized empirical likelihood function on the slackness associated with the inequality
moment condition. In the subsequent analysis we will assume that the second set of moments

is close to zero in the sense that vy = 0 and ug > 0.

The test statistic that is used to obtain the confidence set for 6 is defined as the ratio of
the unrestricted maximum of the empirical likelihood function Lg, (6, p) and the constrained
maximum subject to the restriction § = 7. We will express the test statistic in terms of

the function G%(6,v, ). Let

pH = argmin,~, max G507, v, )\).
T OAEA,(0H)
The test statistic is given by
LRY(0%) = 2n <G;;(9H, pH O, )Y — G (B, Dy MO, an))>. (36)

As in Section 3, let

Gy(6) = 5(Z — R'(6— 60))' I~ (Z ~ R'(6— 0))
Define the set
Oy (o) = {¢p=[s,u] € {0}" @R" | u; >0 if vy; =0}. (37)

The limit distribution under Hy can be easily obtained as a corollary from Theorems 4

and 5.

Corollary 1 Suppose Assumptions 1 to 6 are satisfied. Moreover, 07 = 6y, vy =0, ug > 0.

Then
LRY(0y) = LR (ug) = ( min 2g‘;(¢)> — ( min 2g‘;(¢)> .

»€Pw(0) $€2(0)

The asymptotic critical value ¢ (uo) satisfies

Puo{ﬁR"(uo) < cg(uo)} =1-a.

eq-phi0domain

c_limitlrs
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Suppose we knew the true value ug of the slackness in the inequality constraint. Then a

confidence set for 6 with asymptotic coverage probability 1 — o can be obtained as follows: eq_css
CS? (ug, ) = {9 €0 | LRY(H) < cg(uo)}. (38)
We can deduce from Corollary 1 that this set has the desired coverage probability.

c_limitlrs

Corollary 2 Suppose Assumptions 1 to 6 are satisfied. Moreover, 0 = 6y, vy = 0, ug > 0.

Then
Puo{90 € CSZ(uo,a)} = PUO{LRZ(F)O) < ci(uo)} —1— .

In practice the “true” slackness parameter ug is, however, unknown. Since uy cannot
be consistently estimated, we construct a Bonferoni confidence set for 6. Let CS),(az2) be

a confidence set for ug with coverage probability 1 — 3. Define,

cso= ) cShuan). (39)
u€CSY ()
Then,
Puo{eo ¢ csz} < Puo{eo ¢ csﬁ}{uo € csg(az)} + Puo{uo ¢ csg(a2)}
<

Puo{eo ¢ csﬁ(uo,al)} + Puo{uo ¢ csg(ag)} — oy + ao.

The Bonferoni confidence interval raises two questions. First, how should one construct the
confidence set CS), (az2), and second, how large should its coverage probability be. The next
subsection discusses confidence intervals for ug. In the numerical illustration in Section 5

we will set ag equal to zero.

In order to obtain a confidence set for a subset of parameters one can proceed by
modifying the likelihood ratio statistic on which the confidence interval is based as follows.
Without loss of generality, partition § = [0, 0]’ and denote the hypothesized value of 6, by
OH . Let

AH  ~H . « (nH
{927n,1/n = argming, ,~,  Max Gy (07 ,02,v, )
T XEAL(68,62)

and redefine the test statistic as

LR (0F) = 2n (G;(off 5 0T AOF G 07)) — G (B, 9, A, an»). (40)

The subsequent steps remain unchanged.
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4.2 Confidence Sets for u

As mentioned previously, we are most interested in the case in which the second set of
moment conditions is near zero, that is, vy = 0 and ugp > 0. In particular, it is the local
slackness parameter ug that affects the limit distribution of the likelihood ratios. To keep
the notation simple we will focus on a joint confidence set for u. An extension to confidence
sets for subsets of u is fairly straightforward. The confidence set is obtained by inverting

the empirical likelihood statistic for the null hypothesis ug = u. Let

07 = argming max G (0,n"Y2ut )

XeA,(0)

and define the test statistic
LR (uT) = 2n (G;(éfm_l/guH, MO 0= 241y — G (B, Dy MO, an))). (41)
We summarize its limit distribution in the following theorem.

Theorem 7 Suppose Assumptions 1 to 6 are satisfied. Moreover, vy = 0, uy > 0, and

u = wugy. Then
LR (ug) = LR (ug) = ZLA"Zy — U — Z,) AU — Z,),

where

U = argmings_,, (@ — Z,)' A" (@ — Zy,),
A= (M[Jt=J71Q(QIQ) QI M), and Z, ~ N(0,A). The asymptotic critical

value c(ug) satisfies

IPUD{ER“(uO) < cgmo)} —1-a

If ug = 0 then the limit distribution simplifies to U AU and the test-statistic has a
so-called %2 limit distribution, e.g., Kudo (1963). As before, a confidence set for uy with
asymptotic coverage probability 1—« can be obtained by inverting the test statistic LR (uo)
as follows:

estia) = {uz 01 LRy < i} (42)

We can deduce from Theorem 7 that the confidence set has the desired coverage probability.

Corollary 3 Suppose Assumptions 1 to 6 are satisfied. Moreover, vg = 0, ug > 0, and

u = wug. Then

PuO{uo € cs;;(a)} - PuO{cR;;(uo) < cg(uo)} . 1-a

t_limitlru

eq_csu

c_confsetu
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4.3 Implementation

0

? (up) and c*(ugp) that are needed for the construc-

The asymptotic critical value functions ¢
tion of the confidence sets depend on the matrices (Q and J. First, one has to calculate
the empirical likelihood estimator O.,. Second, a consistent estimate of J and R can be

computed as follows:

. n . . 1 < . " .
Jn = Zg(le en)g(Xza Qn)/, Qn = E Zg(l)(Xza 071)7 R;L = [7Q{m M/] (43)
1=1 1=1

S|

0
(e

LR (up) (Corollary 1) and LR"(ug) (Theorem 7) conditional on .J,, and R,, for a fine grid

Approximate asymptotic critical values ¢’ (up) and ¢%(ug) can be obtained by simulating

of ug values (see also Andrews (2001)). Finally, the confidence sets for 6, and wuy can be

constructed according to Equations (38) and (42).

5 Example

In the remainder of this paper we provide a numerical example to illustrate the large sample
distributions that we derived previously. Consider a simultaneous equations model of the

form

XY,i = XX,ZH + U; (44)
Xxi = Xim+Xg,v2+e (45)
Xoi = X{pro+ 220+, (46)

Vn
where Xx ; is an endogenous regressor, and X;; (2 x 1) and Xz, (1 x 1) are two vectors
of instruments. While X, ; is assumed to be uncorrelated with the error term U;, X3 ; is
potentially positively correlated with U;, that is p,2 > 0. We assume that the random
vector V; = [Uy, €}, m;, X1 ;] is independently and identically distributed and satisfies the
following moment conditions: FE[X; U] = 0, E[X] ;m] = 0, and E[e;U;] # 0. Let X; =
[(Xy.i, Xx,i, X1 4, X2,i]" and define

91(X;,0) = X1,:(Xy, — Xx,0) (47)

92(X5,0) = Xoi(Xv, — Xx,:9). (48)

Point and interval estimation will be based on the moment conditions

Elgi(X:,0)] =0 Elgs(X..0)] = ’}‘gﬂz[aﬂ >0

eq_qjhat
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for § = 6. Using the notation of Sections 2 to 4, vy = 0 and ug = p, 2E[U?]. Moreover, it
is straightforward to verify that

1 1
Zin = 7n le,iUi7 Zon = 7n Z(XQ,iUi — pu2BlUY),  Zn =121, Zon]

and
X1, UP X, X1UPXs,
ngiUfXéj

>

3=

1
Qn = - Z[Xi,iXX,i , X0 Xxil, Jn=

5.1 Parameterization

Since we are simulating the limit distribution of our estimators and confidence sets, we only
have to parameterize the matrices J and Q). In order to make the numerical values easier to
interpret we derive them from the simultaneous equations model specified above. Suppose
that the random variables U;, 7;, and X;; have zero mean and are independent of each

other; €; has mean zero, is independent of Xx ;, and 7;, but is correlated with U;.

The matrix J is determined by the covariance matrix of the instruments Xz, =
[X1; X24]'. We assume that the instruments X ; have a unit covariance matrix and that

phapr2 <1. Let 02 =1 — pj yp12 and E[U?] = 1 such that

I p1o
1

J =

The vector @ is a function of the correlation between the instruments and the endogenous
regressor, denoted by the 2 x 1 vector p; x and the scalar pa x (1 x 1). We impose that

Xx,; has unit variance and obtain®

Q = - p/17X P2,X

Hence, the relevant design parameters for the data generating process (DGP) are ug = pa, 2,
p1,2, P1,x, and pa x. We consider three different parameterizations of the DGP, listed in
Table 1. DGP 1 can be viewed as a benchmark. The correlations between the three instru-
ments and the endogenous regressors are equal to 0.5. X5 ; is positively correlated with the
first element of X, ; and slightly negatively correlated with the second. For DGP 2 we in-
crease the correlation between X ; and Xz ; by reducing the variance of 7; in Equation (46).
This will make it easier to estimate ug. Finally, we consider a parameterization in which we

lower the correlation between the instruments X; ; and the endogenous regressor to 0.3.

5Based on P1,Xx, P2,x, and p1 o it is possible to calculate v1, v2, and o2. While not all choices of the

correlation parameters are consistent with 0'? > 0, the ones reported in the paper lead to a positive variance.
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5.2 Alternative Estimators and Confidence Sets

In order to assess the asymptotic performance of the proposed point estimator we consider
two alternatives, using the following notation:
(i) é(o) is MELE based on Flg;(X;,0)] = 0 and F[g2(X;,0)] > 0.
(i) (1) is MELE based on E[g:(X;,0)] = 0.
(iii) 019y is MELE based on FE[gi(X;,0)] = 0 and E[ga(X;,0)] = 0.

The estimator é(l) does not use the second moment condition and is not affected by the
parameter ug. As discussed in Section 3, its limit distribution is given by —(Q1.J;;'Q})~'Q1J 1 Z1,
where the partitions of J, @, and Z conform with the partitioning of g(X;,#) into g; and
go. Thus,

\/ﬁ(é(l) —by) = N(Q (Q1J111QI1)_1>~

Numerical values for the asymptotic standard deviation of the estimator can be found in
Table 1. The estimator é(lg) is based on the assumption that the second moment condition

is satisfied with equality. Its limit distribution is given by
Vil ~ 00) = A - (@I7Q) QI M (@I7Q)).

The larger wug, the larger the bias of the estimator that incorrectly imposes IE[g2(X;, 6p)] = 0.

In order to conduct inference with respect to 6y and ug we consider two types of confi-
dence sets:

(i) CS?O) and CS(j) are obtained based on E[gi(X;,0)] = 0 and E[g2(X;,0)] > 0 as
described in Section 4. In computing the Bonferoni interval we set s = 0 and a1 = «
such that CS((’O) = Uuso CS?O) (u, ).

(ii) CS?I) is obtained based on Flg;(X;,0)] = 0. We invert the empirical likelihood ratio
test for the hypothesis 6y = 6H.

(iii) CS(y is obtained based on [E[g1(X;,0)] = 0. The confidence set is constructed by
inverting the Wald test statistic for the hypothesis ug = uf. The test statistic is

constructed as follows

max{—uf, 4 —u?
Wiy = Cvstn vy,
v1/2(ag))

where

. 1
by = ZX2,i(XY,i — Xx.,i01))

= U+ Zon — Q5 (Quad Q1 1) T Qund i1 Z1m + 0p(1).
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The asymptotic variance of this estimator is
v(i1)) = Ja2 + Q4(Q1 711" Q1) "1 Q2 — 2Q4(Q1 T 7' Q1) Q1T 1! o

Numerical values for the three DGPs are provided in Table 1.

5.3 Numerical Results

All numerical results reported subsequently are based on 100,000 draws from the limit

distribution.

Table 2 reports the bias and mean squared error (MSE) for the three empirical likelihood
estimators. As we previously showed, the limit distribution of é(l) is not affected by wy.
The estimator is asymptotically unbiased and its MSE is equal to 2 under DGP 1. For
up = 0 the estimator é(u) which assumes that FE[g2(X;,6p)] = 0 is more efficient than é(l)
since it uses an additional valid instrument. Its MSE equals 1.6. However, as ug increases
the performance of é(lg) quickly deteriorates due to the bias introduced by imposing an
invalid moment condition. This deterioration can be avoided by treating the second moment
condition as inequality. If ug = 0 the MSE of our proposed estimator is 1.8 and lies between
M SE(é(12)) and M SE(é(l)). Not surprisingly, é(o) is asymptotically biased. As ug increases
the inequality becomes less informative, the bias vanishes, and é(o) becomes more and more

similar é(l). The same pattern emerges under DGP 2 and DGP 3.

Table 3 summarizes the performance of the confidence intervals for 6. The coverage
probability is 90 percent and we report the average lengths of the confidence intervals. The
simulation of the confidence intervals CS ?1) involves several steps. Without loss of generality
we set 6p = 0 and let s = y/nf. First, we specify grids for v and s. For simplicity, we will
denote these grids by S and U. Second, we generate draws from the asymptotic distribution
of Z, and simulate the empirical likelihood ratio statistics for each ug € U. Based on the
output of this simulation it is possible to approximate the critical values ¢’ (up). Third,
we fix a ug, simulate the empirical likelihood ratio statistic again, and determine for each
s € S and u € U whether LR?(\/ns) < co(u). This will lead to CS’(u,a). We then take
the union of these confidence intervals over a to obtain CS'@). The simulation of CS?O) is

considerably easier because the critical values of the empirical likelihood ratio statistic do

not depend on ug and can simply be obtained from a x? distribution.

The interval based on E[g1(X;,00)] = 0 only is not affected by the local slackness
parameter ug. Its (scaled) length under DGP 1 is 4.62. The use of the inequality moment
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condition sharpens the inference. For ug = 0 the interval CS?O) has a length of 4.39. As
ug increases and the information in the inequality moment condition vanishes, its length

expands to 4.62. A similar pattern emerges under DGP 2.

Results for the ug confidence intervals are reported in Table 4. Unlike 08?1), the length
of the interval CSE‘l) varies with ug. If ug is near zero, the distribution of the Wald statistic
WZ‘l) has a point mass near zero that keeps the confidence short as the domain of ug is
bounded below by zero. As ug increases, the point mass at zero vanishes and the confidence
interval becomes longer. For all values of ug reported in the table CS () dominates CS(;) and
our procedure is able to exploit the additional information contained in the second moment
condition. The percentage gain over CS"(‘I) is largest for DGP 2, under which X5 ; is strongly

correlated with the first element of X ;.

6 Conclusion

This paper developed a limit distribution theory for empirical likelihood estimators when
some of the moment conditions take the form of inequalities. The inequality moment con-
ditions provide additional information if they are close to zero. The limit distribution of
the parameter estimators and empirical likelihood ratio statistics typically depend on a
nuisance parameter that measures the slack in the inequality conditions. This nuisance
parameter complicates statistical inference because it cannot be estimated consistently. We
constructed Bonferoni type confidence sets for the parameter of interest, 8, by taking a union
of sets that are valid for a particular value of the nuisance parameter. While the focus of
this paper has been interval estimation, the nuisance parameter problem also arises in the
context of hypothesis tests. The null distribution of an empirical likelihood ratio coefficient
test is a function of uy and the testing problem becomes that of testing a composite hy-
pothesis, which has been studied, for instance, by Berger and Boos (1994), Hansen (2002),
and Silvapulle (1996). Finally, we have assumed throughout the paper that the parameter
0 is identifiable based on the equality moment condition Fg;(X;,00)] = 0. Relaxing this
assumption would imply that the model parameters are likely to be only set identifiable

rather than point-identifiable. We leave this interesting extension for future research.
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A Proofs and Derivations

A.1 Empirical Likelihood Estimation

Proof of Lemma 1: We will verify the saddlepoint properties directly. (i) Suppose
0,0, M1, A2 is a saddlepoint of G:. It 5\273' = 0 it lies in the interior of f\g(@) and satis-
fies the first-order condition

0G0, M1, X0)
! I, 51

If 5\24 = 0 then ?; minimizes G}, with respect to v; > 0. Moreover, it is straightforward to

verify that A2 cannot be strictly positive. Hence, 0’ A2 = 0 and

for all & € ©. Moreover,

Gn(0,M1,22) = G5(0,0, M1, 9) > G

(é, ﬁa )‘17 5‘2) = Gn(é7 )\17 5\2)

for all A\ € Anl(é) Using the same argument as above it follows for 5\27]- <0and 9; =0
that
G"(éa 5‘17 x2) > G”l(é? 5‘17 A2,(j))a

where g ;) € Ang(é) is obtained by replacing the j’th element of Ay by A2; < 0. Finally,

if 5‘2,j = 0 then
aGn(aa)\la A2)

=10; > 0.
o i 2
O, 0.31,2s

Since the function G, (0, A1, A2) is globally concave in Ay we deduce that
Gn(0, A1, X2) > G0, 01, Ao ).

As before, Ay (;) € Ang(é) is obtained by replacing the j’th element of Ay by Az < 5\24 =0.
Hence, we have established that é7 5\1, 5\2 is a saddlepoint of G,,.
Now suppose é, ;\17 Ao is a saddlepoint of G,,. The following inequalities are straightfor-

ward to verify:

G (0,0, M1, \2)

A
Q

GE(0,0,M, %) > G
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Recall that #’Xs = 0 and v/As < 0. Therefore,

Gr(0.0,01,00) = Gn(0, A1, 20) — /Xy
< Gn(é,j\l,j\2> — V’j\g
= Gn(97ya x17>\2>

If 5\27j < 0 then ©; = 0 and

Gi(0,0,M1,09) = Gn(B, A1, 2) — ' Ao

where Ay (;y is defined as above. Now suppose that ;\27j = 0. Then

9GL (0,1, M1, A2) _ 9Ga(0: A1, h)

— ;=0
0Nz, 0,550 A 0Nz j 0,50 A

Since G7, is globally concave in Ay ; we deduce that
G (0,0, M1, ) > G
because G,, attains at 5\2,j its maximum with respect to Ay ;.

The proof of (ii) is very similar to (i) and therefore omitted. W

A.2 Consistency
A.2.1 Main Result

Proof of Theorem 1: We have to show that for any > 0

lim P{én € B(6o, 8), iy, € B(un,o,d)} =1,

n——oo

where

B(0,5) ={0 €0 |0—0| <5}, B ={reR""||v-7| <4}

Define
05 =0NB(0,6)° and N§=R"*NB(r,,0,0)°.

To simplify the notation we omit the subscript n from the set N§. Recall that according
to Assumption 5 the constant a > 2 is such that F[supycg [|g(X, 0)]|*] < co. We show the
following two statements are true: (i) For a given £,6 > 0 and ¢ such that é < (< %, there

exist positive constants 7 and x and 7 such that for n > n consist.s1
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P{G; (00,vn0) = n "} < % (A1)
and (ii)
i ek < n=¢ E .
P {GEG)ISI,HFENOC G (6,v)<n n} <3 (A.2)

Then, from (A.1) and (A.2) we deduce that there exists an 1 > 0 such that for n > n:

P{An € B (00,0), i € B(un,o,é)}
>

P {GZ (00, Vn.0) < n~ ", ee(arg,liileNg G* (0,v) > ncn} >1-—e

Proof of (i): By Lemma A.2

Gy (00, vn0) = max Gy (0o,vn0,A) < Op(1/n).
AeA, (00)

Choose k > 0 such that ( + k < 1. Then
n G (00, Vo) < Op(n® ™) = 0p(1)

as required.
Proof of (ii): To obtain a lower bound for G (0, v) we will evaluate the function G7, (6, v, \)
at A = n~Cu(f,v), where the function u(f,v) is defined as

0 1f0:00, V ="Vno

Elg(X,0)]-M'v
1 E[g(X,0)]—M"v]]

u(f,v) =
otherwise
such that ||u(6,v)|| < 1. Strictly speaking, the function w (6, v) depends through v, ¢ on the

sample size n, but for notational convenience the n subscript is omitted.

Moreover, we truncate the function g(x,8) as follows. Since a > 2, we can choose a
positive constant £ such that
— << —.
a2 ¢ 2a
Let
X, = {x :sup ||g (z,0)] < ng} and g, (z,0) =I{z e X,}g(x,0).
0o
We then replace the terms

In(1+ Ng(x,0)) — N Mv

in the definition of the objective function G (6, v, \) by

gn(2,0,v) =In (1 4+ n"u(0,v) gu(z,0)) — n u(d,v) Mv.

consist.s2
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In what follows, we deduce the required result for (ii) by showing that

(ii)-(a): eeorpluneNc Z an (X;,0,v) eeOI(I‘;l,luneNC G (0,v) + o0, (n™°)

and

1< €
INIRY . + ‘ e < ¢
(ii)-(b): P{%@rggle]vg - ;:1 an (Xi,0,v) <n 17} <3

Proof of (ii)-(a): Notice that n=Su/ (6,v) € AS C NgeoA, (0) w.p.a.1 by Lemma A.1.
Then, by Lemma A.5 and by the definition of A, (0,v),

1 n
min fz X;,0,v
pedTtns 2 an (X4,0,v)

= 1 1 X, < "M —¢
seal it ye [ Z n(1+n"u(8,v) g(Xi,0) —n u(d,v) Mv|+o,(n"°)
< ’ A 3 , ¢
i [0 A 08 0) 0]
- GeeI?LneNc (9’7)) Top(n ( ) )
as required.
Proof of (ii)-(b): A second-order Taylor expansion of ¢, around u (f,v) = 0 yields consist.mv

1 n=u (0, 1) gn(x,0)gn(z,0) u(d, )
20 L+ n=Cul(0,1)gn(,0))°

nSqn(z,0,v) = w(d,v) (gn(x,0) — M'v) — ,  (A3)

where (0, v) lies between zero and u(6,v). The second-order term of the Taylor approxi-

mation (A.3) can be bounded as follows. For given z, 0, and v

sup |n"Su* (0,v) g (2,0)| < 0 sup [|g, (z,0)]| < n~¢HE < ¢/
0co, v 06

since § < 55 < . Therefore, consist.term2bnd

2 2
sp nfcu(G,z/)/gn(:c,H)Qn(x,e)’u(ﬁ,;/) < ¢ llgn(z, 0)|] Hu(20,21/)|| < =% — o (1),
0€®, v (L+n=Cu.(8,v) gn(z,0)) 0eo, v (1—-n=¢/2)

(A4)

Now consider the expected value of ngq,(z,0,v). From (A.3), (A.4), and by the domi-

nated convergence theorem, we have consist.lbnd
nEg, (X,0,v)] = u(dv) (Elg.(X,0)] - M'v) +o(1) (A.5)
0(1) it = 907 V="Vno

IE[g(X,0)] — M'v|| +o(1) >0 otherwise
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The o(1) terms absorb the second-order term of the Taylor approximation and the discrep-
ancy between E[g, (X, 6)] and FE[g(X, )], which vanishes as X,, expands. From (A.5) and

the monotone convergence theorem we can deduce that

. . , =0 if0=00, v=urno
lim 7 lim [F inf an (X, 0%,v7)

n—oo 610 0*€B(0,9), v*E€B(v,0) >0 otherwise

Next, according to Assumption 5 there exists a finite K such that consist.unif.bnd.g2.mi
sup 1 E[g2(X, 0)]|| < K < oo. (A.6)
€

Since O is compact by assumption the set © N B(y, )¢ is compact. Moreover, define

the compact set R%2T = {z € R"* |z < 2K}. We can cover both © N B(f,5)* and

R%% N B(vp,0,0)¢ with ©; = B(6;,0;) and N; = B(v;,8;)’s, j = 1,...,J taking each J;

small enough such there exist 7;’s such that consist.lo.bnd.qn.sgmf
n‘IE [ inf an (X, 0, V)] >2n;, n>n; (A7)

06@,-, vEN;

for some positive numbers n; = n; (),  =1,...,J. By the WLLN® and (A.7), for a given

>77j}

e > 0, we can find ﬁ;s such that n > 7; implies that

€
— >
4J {

1
n 96@]', veEN; 0€@j, veEN;

Z inf qn (X“Q,V) —FE |:’I’L< inf qn (Xivevy)]

1 n
> P - inf g, (X;,0 E inf n (X5, 0,0)| —n~%n;
- {n ; 96(—)_7{11/61\/_1 an (X, 0,v) < [eeejmueN n ( V)] " T’J}
> P lzn: inf  gn (Xi,0,v) <n
= n £ 6co,, vEN; n iy, j
> P i n (X, 0,
- {ee@ flueN nzq V)<n 77]}
for j =1,...,J. Also, after this proof we show that w.p.a.l consist.outside.2K

n

1
inf - w (Xi,0,v) > K. A9
€O, HVH>2K n n q ( V) ( )

For the given ¢, then, we can choose an 71741 such that n > n ;4 implies that

P i n (Xi,0,0) <n K
{eee || \|>2anq V) " }

»Ik\m

6Notice that

E [supgce llg (X, 0)I]
(1—n=¢/2)?

E|n¢ inf gn (X,0,v)| < E {sup llg (X, O)H} +2K +n"¢ < 0. (A.8)
0€©,, vEN; 9cO
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Now let letting n = min {m1,...,ns, K} and 7 = max;=1 . j+1 7j, we have for n > @

P{ae@?uechqn Xi,0,v) <n” 77}

< P{mi i f (X5, 0, v f (X5, 6, =<

- {mln{j—nll,l“riJ {9€O}nu€N an Y }’ e, 1||IIIIH>2KTLZQ Y } <n 77}
J

< P ’nX’he < P n-XfL,e <

= ; {GEGJ,VEN an v)<n” 777}+ {ee@ \|y|\>2Kan v)<n” n‘”l}
€

< o

- 2

as required part (ii)-(b).

Combining (ii)-(a) and (ii)-(b) we have

= £
P in G (0,v)< >
e G5 0) <n~én < 5

as required for (ii).

Since 0,, —= 0y and 7, — Vn,o -, 0 we can deduce from Lemmas A.2 and A.3 that

Nby,0n) 250 1

A.2.2 Technical Lemmas
Proof of (A.9): Notice from (A.3) and (A.4) that
1
nSqn (Xi,0,v) > uw(6,v) (gn (Xi,0) — M'v) — 571_("’25.

Then we have

n

1
i — nqy, X;,0,v
0co, Hu||>2K’n, an ( )

n

i - 0,v) El(g(X;,0) — M’
bee, ois2k 7 u(0,v) Ef(g(X;,0) v)]

i=1
oo, Tisare n 22 v)' (gn (Xi.0) = E g (X:,0)]) - én—wf.
First, by the definition of u (6,v), we have
06(‘),1HI}’£“|>2K n P w(0,v) (g (X, 6) = M'v)]
" e, |\u||>2K”E[ 9(X,0)] = M| 2 o, o) >2K 1E g2 (X, 0)] — v
2 peo, o VI = 1B g2 (X, 0)]II] 2 2K — sup 1E g2 (X, 0)]]]
> K.



Next, by the Cauchy-Schwarz inequality and the definition of g, (X3, ),

n

sco Thparc @) [i > (%0~ Ela .0 )]

=1

- su 1 ; ) su . el ‘

> e nz;(g(Xu@)I{eegHg(Xz,@NS } E[g(Xz,H)]>H
1 n

= Toeh n;(9(Xi79)—E[g(X¢79)]>H—slelg

The first term is

sup
0co

n Z < (Xi,0) = Elg (Xi,ﬂ)]>H =0, (1)

=1
by the ULLN. The second term is

— sup
6co

Zg X;,0) I {sup|g(Xi,9)|| >n5}H
n 0cO

> —= su X;,0)|| I su X;,0 >n5}
> n;%gnm iz {sup g (5 0]

1 n
> -z sup |lg (X5, 0)||”
> 2 sl (X0
= 0, (n_f(a_l)) =o0,(1).
These give
1 n
inf 0,v) |~ w (X5,0) — Eg(X:,0)]}| > o0, (1).
gee,l‘lnylszu( V) an{g (Xi,0) = Elg (Xi,0)]}| 2 0, (1)

Therefore we have

i ¢
n°qn (X;,0,v) > K+ o
USCH \|y|\>2KnZ a ) p( )
as required. W
Lemma A.1 Suppose that Assumptions 1 to 5 are satisfied. Then,
() sup [Ng(Xy,0)] —5 0,

0O, AEAS, 1<i<n

(i) AS C Npeo An(0) w.p.a. 1.

Proof of Lemma A.1: See proof of Lemma Al in Newey and Smith (2004). H

Zg Xi,0)1 {Sup lg (X, 0)]] >n5}H-
n UE

l_suplg
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111
Lemma A.2 Suppose that Assumptions 1 to 5 are satisfied. Let 6 € © and 7 > 0 be
sequences such that § —2 0y, and 7 — vy, o — 0. Moreover, ﬁ S 91(Xi,0) = O,(1) and
ﬁ S (92(X5,0) — v) = Op(1). Then,

(i) N8, 7) exists w.p.a. 1,

Proof of Lemma A.2:

Proof of (i): Define

A0, 7) = arg max G (0,7, )\)
AEAS

Since AS is compact and In (1 + Ng(X,, é)) — ' M\ is continuous and strictly concave in A

the optimal solution (6, 7) exists and is unique. Statement (i) then follows from Lemma A.1.

Proof of (ii) and (iii): Write g; = g(X;,0). For some constant C

0=G;(0,7,0) < G(0,7,M0,7))

= 1

< XNO,p) (=
: somr(2
where A, lies on the line joining 5\(9_, v) and 0. The last inequality holds because

I —
max \,gil = 0,(1)

according to Lemma A.1 and % > i1 Gig; converges in probability to J, a positive definite
matrix, by the ULLN. The remainder of the proof follows the proof of Lemma A2 in Newey
and Smith (2004). W
1_gopl
Lemma A.3 Suppose Assumptions 1 to 5 are satisfied. Then,
1>

7 3 [g (X,»,é) - M’@} =0,(1).

=1
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Proof of Lemma A.3: Let §; = g (Xi,é) ~M'pand § = Ly, [g (Xi,é) - M’ﬁ].
Define 4 (é, D) =n" ” H (Recall the definition of u (#,v) in the proof of consistency.)

Approximation G, (6, v, ) with respect to A around A = 0 at (6,v,A) = (é, U, (é, ﬁ)) .
Then,

YT Pl Uil PPN S W el Gt
— i (oy) _ %u (é,a)' ’1%-_1 (1 jzj/ZAl)Q @ (é, y)

where A is located between 0 and @ (é, ﬁ) .

~ / A ~ A
@ (9, 1/) 3| —p 0and @ (9, y) e A, (9) by Lemma A.1 w.p.a.1.
Also, £ 371 9i9; < (supgee 5 Yoty Il9 (X3, 0)|]) I —p CI. Then,

Notice that maxi<i<n

n 0. .
Qa(e V)—§u<9 y) ’1‘2—;(155/9)2 u(()y)

n=¢ ||g|l — %u (9,&)/ %Z L B (é,ﬁ)

\%

1 A "
_C _ = ~ A~ - A‘A/‘ ~ ~
2wy 0 ()10

n=||g] — Cn=2¢. (A.10)

v

Then,

- - PR 1
n=¢lgl-Cn % < G (a,p,a (Hy)> <G* (9 D, A) sup G (0o, vno, \) < O, () ,
AeA,. (60) n
(A.11)
where the first inequality is from (A.10), the second and third inequalities hold because
(é v 5\> is a saddle point, and the last 1nequahty is from Lemma A.2 with —= ZZ 119 (X5,00) — M'vy, o] =

O, (1) by the CLT. Also, by ¢ < 1 5 ¢—1<—35 < —(. Solving (A.11) for ||g|| gives
13 < Oy (n™°). (A.12)

Now, for a given sequence &, — 0, let A = £,,§. By (A.12), A = o, (n*C), and so A € A§
w.p.a.l. Then, as in (A.11), we have

. - R R . 1
— Ol = gl - 022 191° < enllal (- C20) <0, (3.
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Since, for n large enough, 1 — Ce,, is bounded away from zero, it follows that &, ||§||> =

O, (%) . Since €, is an arbitrary sequence that tends to zero, we deduce that

Il =0, (7=)

as required. W

Lemma A.4 Suppose that Z; is a sequence of iid random variables such that IF|Z;|" < co

Then, maxij<i<n |Zl| = Op (nl/o‘) . l_maxz

Proof of Lemma A.4: The result follows from

1/ 1 1/a
= | < e | Z | — ( 1/a) )
e 2 = e | <o | DS =0, (). m

Lemma A.5 Assume Assumptions 1 to 5. Let g,(x,0) = I{x € X, }g(z,0) where
X, = {a: :sup |lg (z,0)| < ng} )
€O
where % <E< i and o > 2 as in Assumption 5. Define

gn (X;,0,v) = In[1+ = (0, v)gn (X5, 0)] — n~u(f,v) My
Gn (Xi,0,v) = In[l4+n ' (0,v)9(X;,0)] —n “u(d,v) My

and assume that ||u(0,v)|| < 1. Then,

n

96(5;’11320 711; <(In (Xi,0,v) = 4n (Xi,6,v) )‘ =0, (n").
l_supq
Proof of Lemma A.5: By the mean value theorem, eqqqdiff
eez)uwo n Z {an (X5, 0,v) = 4a (X, 6,0}
N 96@ u>0 n Zn; <1 + ngzéue i X“)?u@ > TiX & &) (A.13)
< EE,E T q%’y) S |a o {ale 0> nc}

IN

1
—— | max sup
net \1<i<ngee, v>0

—u’ (0,v) g (X, 0) 1 N
ET w,u)g(Xi,e)D <n;2‘e‘8”9(x“9> )
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where u.(0,v) is located between 0 and w(6,v). The second term on the right-hand side

of (A.13) can be bounded as follows. According to Lemma A.4

n~¢ max sup llg (X;,0)| = n_CH/aO (1).
1<i<ng

Moreover, ||u(,v)|| < 1. Therefore,

/ 9 X“Q 2 —C i<n S XZ,G
max  sup (/ V)9 ( ) < n”° maxi<i<n SUPgco ||k ( )l
1<i<n geo, vz0| 1 +n~u* (6,v) g (X, 0) 1 —2n=¢ maxi<j<n SuPyeg |9 (Xi, 0) ||
—(+1/a
_ n / 0, (1) Zn_C"H/"‘Op(l).

1 —n=—¢+1/20, (1)
By Assumption 5 and the Markov inequality, the third term on the right-hand side of (A.13)

is Op(1). Since Ly < £ < 5-, we are able to deduce that

2o¢’

n

%Z <Qn (Xivgvl/) —qn (Xivevl/)>‘ = n_a£+éOP (1) =0p (1)7

i=1

nS  sup
0€0, v>0

as required. W

A.3 Quadratic Approximation of the Objective Function

We begin by deriving the coefficient matrices for the quadratic approximation of the objec-

tive function (19). A direct calculation shows that eq_glbeta
G0 (8) = [0 (9, G (8, G (914 (A14)
where
1 « M (X;,0) A
a0 = 23 (fvis):
GV (B), = —Mh
@B, = *Z (%) - M'v.

At 3,0 the first derivatives simplify to
1 n
G (Bno)y =0, G (Bn0), =0, G (Bno)y = - Zg(Xi»QO)_MIVn,O =n"122,,
i=1

which leads to the formula for G;(l)(ﬁmo) that appears in Equation (21) of the main text.

We proceed by partitioning the matrix of second derivative as follows eq_g2beta
G (Bgg G (B)g G (Blg,
G;kl(z) (’6) = G;kl(2) (ﬁ)VQ’ G;(2) (ﬁ)yu’ G;(z) (6)1})\, ’ (A15)
G B)re G (B)r G (B)an
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where

G*(2)(ﬁ) ;= l i j=1 )\jgj (Xua) _ 9(1) (X5,0) )‘Xg(l) (Xivo)/

n 00 n.4 1+ Ng(X;,0) (14 Ng(X;,0))? ,
G2 (B)o, = 0. G (B),, =0, G (), =M,

1o~ g0 (X0 g(X:,0) NgW(X,,0)

«(2) 1 g Qs () g v
G (B) e n; 1+ Ng( X“9 (14 Ng(X;,0))? ) ’

” 1 - g Xl79 Xl’e)l
G2 (B) s n Z 1+ Ng(X;,0))?

i=1

At B0 the second derivatives simplify to

G (Bno)oer = 0, 2 (Bn.o)ox = Zg V(X;,0) = Qn,
G Buo)av = —— Zg Xi,0)9(X:,0) = —J,
i=1
which leads to the formula for G (Bn,0) that appears in Equation (21) of the main text.

In addition to the estimators b and l;q defined in the main text, we will introduce a third
estimator, f)q7 based on the quadratic approximation Q;‘Lq(q’), 1) subject to the restriction that

i)q € B,,. Formally,

lo(¢) = argmax;c gy Gng(6,1), &g = argmingcq iy (6, l4(0)).

A.3.1 Main Results

Proof of Lemma 2: By Lemma 1(a) of Andrews (1999), it is sufficient to prove

s (G (8) = G (Buo)|| = 0p (1),
ﬂEBn:Hg_ﬂn,OHS’YTL

for every sequence 7, — 0. G is defined in (A.15). To verify this sufficient condition

we will subsequently show that

. *(2 *(2

(1) SUDges, 5—pnal<n |[Cr) (Bogr = CGn® (Buo)gor || = 0p (1),

.. *(2 *(2
(i) SuPges,:|i—Bn.oll<yn G (8) g — G (Br0)xgr || = 0p (1),

*(2 *(2
(ii1) SUPeB,:5—sn 0l <r ||Cr (Bhaxr = Gil™ (Buo)aw || = 0p (1)

We begin by showing that
! =0,(1) (A.16)
SeBpiL 1+>\/9(Xi,9) — Yp . .
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Since

sup  [Ng(X;,0)] = o0, (1)
BEB,, 1<i<n

it follows that for any given 0 < § < %

P{ sup |)\/g(Xi,9)|>§} —0
BEBL,1<i<n

Set K > § > 2. Then,

1
P sup
BEB,,1<i<n

1+ XNg (Xi,9)‘ >K}

IN

1
Pe sup 1+ Ng(Xi,0) < —
B€B,,1<i<n M

IN

P{ sup  |Ng(X;,0)] >5} —0

BEB,,1<i<n
which proves (A.16).

(i) Notice that

sup

BEB: BB ol <vm || T 1+X

2)
sup |A; sup _ sup H (Xi,0) H)
AeAgl i <5e8n,1<z<n 1+MXg (Xm9 D (06@”2 9

O(n_C)Op(l)Op(l) = o,(1),

IN

where the last inequality holds by the definition of AS, (A.16) and the ULLN under As-
sumption 6. Moreover,
sup

li g(l) (Xlag)/ )‘>‘Ig(1 1)
BEB:|B—Buoll<vn || (1+Ng(Xi,0))

2 1 )
sup || Ag sup su H (X, 0) H
AEAS A (ﬁeBm 1<i<n (14 Ng (X5, 9))2) (96@ n !

= 0 (n_%) Op (1) Op (1) = Op (1) .

IN

The last inequality holds by the definition of AS, (A.16) and the ULLN under Assumption
6.
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(ii) Apply the triangle inequality to

1 & g (X;,0)

- _J 27 D(x. 0
2 (g o o)

1 ¢ g™ (X, 0) (1)
= g \Pwr X
;<HXM&® g7 (%0)

sup
BEB:IB—PBn,0ll<n

< sup
BEB:[1B—Bn ol <¥n

;i@mmwwﬂpmame

i=1

+ sup
e

! bco110- o<, HE [g(l) = 9)] —E {g(l) (%, 90)} H

:LG: <9(1) (Xi,00) — IE {9(1) (Xi,ao)} ) H

= Ig+o,(1)+0,(1)+0,(1),

+

where the last equality holds by the ULLN under Assumption 6, the uniform continuity of
E [¢"W (X;,0)] in 6, and the WLLN. Next,
sup [N'g (X;,0)| (Sup

1
S — W (x,0)|
b ) (e o] )

= 0,(1)0,(1)0, (1) = 0, (1)

I;

IN

by Lemma A.1, (A.16), and the ULLN under Assumption 6. Moreover,

n

l g(Xlaa) A/g (lea)

n = 1+ )\/g (XZ, 9) 1+ )\’g (Xi7 9)

sup
BEBw:|IB—Bn.oll<n

1 1 )
sup ||A su sup — X;,0
Aefﬁ Al (BeBmlliign (14+XNg (Xi,(9>)2> (Geg n Z o € 4 )
O ()0, (1) 0, (1) =0, (1).

IN

(iii) Similar as before, we have
l . g(Xzae)g(Xlae)/
=\ (14 Ng (X5, 9))2

1 ~ [ 9(Xi,0)9(Xi,0)
(14 Ng(Xi,0))*

sup
BEB:(|B—Bn,oll<vn

—Q(Xi,Qo)g(Xi,Ho)/> ||

< sup
BEB:||B—Bn,oll<Vn

-9 (Xhe) g (Xia 9)/>

+sup —Z (X:,0)9 Xi,e)’E[g(Xi,e)g(Xi,tﬂ))’])H
+5161)P | E [9 (X;,0)9(X;,0)] — IE [g(Xi,00) 9 (Xi,60)]||

n

1

Fsup | > (9 (Xi,00) g (X, 60) E[g(xi,eo)g(xi,eo)’])H
- s IS~ (9009 (X00) e )|
- BEBR:[18— gno||<'yn nz:: ((1+)\/ (Xi79))2 Q(Xz,e)g(X179)> +o,(1).
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Next,

sup
568713H5_6n,0|‘g7n

1~ (g(Xi,0)9(X,,0)
(14 Ng(Xi,0))*

—g(Xi,e)mXi,H)’) H

1
< sup Ng(X;,0 sup @ 0—
ﬁGBn,,1§i§n| ( ) geB, 1<i<n |1+ Ng (X;,0)]

1 n
X su —_— su g(X;,0)
<ﬂeBn,1p§1:§n 1+ Ng (Xi,0)] ) (968 n z:: 2Ol )

= 0p(1)0p(1)0p (1) Op (1) =0, (1). W

Proof of Theorem 2 is omitted. B
Proof of Theorem 3: (i) Follows from Lemma A.7.

(i) According to Lemma A.2, A(0, ) = O,(n~/2). Tt remains to show that ¢ = v/n[(f —
00), (# — 1)’ is stochastically bounded. The saddlepoint property implies that eq.ap.saddle

0=G,(4,0) < G(0,0()) < G;(0,1(0)). (A.17)

Then using the quadratic approximation (18), the bound for the remainder term given in

Lemma 2 and the definition of [ and (;3 we obtain eq.ap.saddlel
Gr(0,1(0) = Gy, 1)) + (1416 — doll® + [l1()]1*)op (1) (A.18)
= = B(&— 60T (2 — RO~ 60)

U R AR CACE) B B AR CACI))
(1 + 116 = doll” + li(B)I1)op(1)
= (20— R = 60)) T (B — Bl — 60) + (14116 — oll> + i) P)oy (1),

where ¢g = [0,up])’. The last equality is a consequence of Lemma A.8. Similarly, we can
deduce from Lemmas A.2, 2, and Theorem 2 that eq.ap.saddle2
G (0,1(0)) = *%ZA(O)/ Tal (0) + Z,1(0) + (1 + [[1(0)[*)op(1) = O, (1) (A.19)
Hence, from (A.17), (A.18), and (A.19) we obtain the inequality eq.ap.doublebound
0.5 S (Zn+0p(1) = BB = 60)) I (Za + 0,(1) = Bi(d = 60) < Op(1). (A20)

Notice that Z,, +o0,(1) = O, (1). According to Assumptions 4 and 6, R,, is full rank and J,
is positive definite w.p.a. 1. Therefore, (A.20) implies that ¢ — ¢y is stochastically bounded.
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(iii) We deduce from Lemma 2 and Part (ii) that

nGZ(ﬁAn) = gvtq(\/ﬁ(ﬁn - 671,0)) + (1 + H\/E(Bn - ﬁn,O)HZ)OP(l)
nG:Lq(Bn) + Op(l)op(l)-

(iv) We proceed by establishing 0,(1) bounds for nG:‘Lq(Bn) — Gy (Bng)-

We begin with the upper bound. Using (iii) can rewrite the differential as eq_gndiff
NGy (Bn) = nGr(Brg) = G1(6,1(9)) + 0p(1) = Gry (b4, 14 () (A.21)
< g;(éqa i(ég’q)) - %(% Zq(‘%q)) + 0p(1).

Replacing (;AS by ng raises G, whereas substituting l~q with [ lowers G- Using Lemma 2 the

first term on the right-hand side of (A.21) can be rewritten as eq.ap.ineq.Gnstarl
Ga(90:1(90)) = Gig(@0r1(B0)) +0p(1) (14118 = 902+ 1(S)I7)  (A.22)
= g;:q(d;fb Z(é’q)) + 0p(1).

The second equality in (A.22) is a consequence of Lemmas A.2 and A.7. According to
Lemma A.8

(@) = (Jn + 0p(1) " [Zn — (R}, + 0,(1))(¢ — 0)]
for ¢ = O,(1). Hence,
Z((/Bq) - Z(‘iq) = (Jn + Op(l))_l[zn — (R, + Op(l))](éq - Q?)q) = 0p(1)

by Lemma A.7. Since G}, (¢, 1) is continuous in its arguments we can now express the second

term on the right-hand side of (A.21) as eq.ap.ineq.Gnstar2

géq(éqv Z(éq)) = grtq((/gq’ Z(éq)) +0p (1) (A.23)

Plugging (A.22) and (A.23) into (A.21) we obtain the upper bound
nG;q(Bn) - nG;q(Bnq) < Op(1)~
Using similar arguments, we can establish a lower bound as follows:

nGZq(Bn) - nG:Lq(/énq) = g;(qgv Z(

vV
Q
3 *
=
<

which proves (iv). B

(v) Follows from parts (iii) and (iv).
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A.3.2 Technical Lemmas
Lemma A.6 Suppose Assumptions 1 to 6 are satisfied. Then, l~)q exists uniquely w.p.a. 1.

Proof of Lemma A.6: The subsequent statements are true w.p.a. 1. Notice that G;q (6),
defined in (27), is strictly convex function of ¢ because R), = [—Q},, M'] is a full rank matrix
under Assumption 6 and J,; ! is positive definite under Assumption 4. Hence, R J, 1R,
is a positive definite matrix. Moreover, the domain ® is convex. Therefore, (j~>q is unique.

Finally, from (26) we deduce that l~q exists uniquely. W

Lemma A.7 Suppose Assumptions 1 to 6 are satisfied. Then

(i) by = Op(1),
(i) by = by + 0p(1).

Proof of Lemma A.7:

Proof of (i): We will show that ¢, = O, (1). For notational simplicity, denote

Ay =R,JIR,, Aoy = AR I Z,, and Az, = ZJ 17, — Ay A1, Aoy,

n

and write the concentrated quadratic objective function (27) as

g':q(¢) = % (¢ - (bO + A2n)/ Aln (¢ - (bO + AQn) + %ASn

Observe that J,, R,, and Z,, converge weakly according to Theorem 2. Moreover based on

Assumptions 4 and 6 Ay, is positive definite w.p.a. 1. Let

¢q = argmin¢eRm+h2 g;q((b) = ¢o — Aoy, = Op(1)~

Notice that ¢~>q is the projection of éq onto the set ® with respect to the inner product
(x,y) = 2’ A1ny. Then,

||¢~’q|| < /\;ﬁn(Aln)@qvq;qy/Q < /\;ﬁn(Aln)@qvq_sqy/Q = Op(l)

where Ap,in(A1,) denotes the smallest eigenvalue of Ay, and is strictly positive w.p.a. 1.

Finally, from (26) we can deduce that I,(¢,) = O,(1).

Proof of (ii): According to Lemma A.6 the saddlepoint problem mingee max;cpr G (4, 1)

has a unique solution Bq on the domain B = ® @ R". Since B,, C B for any ¢ > 0

IN

P {Bq € B\Bn}

P{by € B\(®,, © VnAS)} +o(1),

P{Ilby = byl >

IA

l_exist.bqtilde

I_bqopl
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where the o(1) term in the last line holds by Lemma A.1(ii). The set /nAS consists of
the elements in A$ multiplied by /7 and expands to R because ¢ < 1/2. Since the true
parameter 6 is in the interior of O, the first m ordinates of ®,, expand to R™. Ordinate
m + j expands to R if 19 ; > 0 and to Rt otherwise. Since b, = O,(1), we deduce P{b, €
B\(®,, ® v/nA$)} = o(1). Therefore b, = b, + 0, (1), as required. W

Lemma A.8 Suppose that Assumptions 1 to 6 are satisfied. Let 6 € © and 7 > 0 be
sequences such that 0 -2 6y and v — Vn0 2,0. Let l( ) f)\ (0 V), and ¢ = [3', ],
where 5 = \/n(0 — 0y) and @ = /n(v — 1p). Then

0="2,— (R, + 01)(1))((13 —¢0) — (Jn + Op(l))i((g)

Proof of Lemma A.8: In view of Lemmas A.1(ii) and A.2, we deduce that A(6,7) is in
the interior of A(é) w.p.a. 1. Hence, \ satisfies the first-order conditions associated with

max, ¢4 (5) G, (9,17,)\):
n X
- Z o0
1+ )\' (X;,0)
We now apply the mean-value theorem and multiply by +/n:
0= vnG;M (Bro)r + Go® (Bu)rers — M' (@ — ug) + G (Be)anl,

where 3, lies on the line joining 3, and 3 = [/, 7, 5\(0_, 7)']". The matrices Gz(l)(ﬂ) and
;) (8) and their partitions are defined in (A.14) and (A.15). Using the same arguments
as in the proof of Lemma 2 and the definitions of J,,, @, Ry, and Z, in (21) we obtain the
desired result. H

A.4 Limit Distribution

Proof of Theorem 4: By the theorem of the maximum (e.g., see Berge, 1963) ¢, is a
continuous function of Z,,, J,, and R,,. Moreover, from direct inspection we know that qu
is continuous in Z,, J,, R,, and qzn The statement of the theorem then follows from the

continuous mapping theorem. W

Proof of Theorem 5: According to Theorem 3(iii):

Grg(0,1(9)) = Grg(D4: 1a(4)) + 0, (1). (A.24)

Since ¢ = O, (1) we can deduce from Lemma A.8 that

1) = 14(9) + 0p(1). (A.25)

113
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and

Let G, (¢) = Q;‘Lq(¢,l~q(¢)). Combining (A.24) and (A.26) then yields

Grg(9) = Grng(dq) + 0, (1). (A.27)

Since Q;q(@ is a strictly convex quadratic function of ¢ and q~5q uniquely minimizes C;;"Lq(gzﬁ)

over a convex domain @, we deduce from (A.27) that
6= g+ 0p(1).

Using (A.25) once more we conclude that

1) = 1y(®) + 0p(1) = I (q) + 0p(1)
which completes the proof. l

Derivations for MISE: Define
P=¢o+ (RI'R)'RJ'Z
and partition P = [P/, P.]’. We can write
S = PJ{Py >0} + (Ps — QuPu)I{P, < 0}
= quﬁul{ﬁu > 0} + ﬁs.uu
U = PJI{P, >0},
where 755,““ = 753 — quﬁu. Notice that

ﬁs.uu ~ N(quu07 st - quQus)

and ﬁs,uu is uncorrelated with 75u Using the formulas for moments of a truncated normal
distribution (e.g. Greene, 2005, p. 763) the mean and variance of S reported in the text

can be computed.

A.5 Inference

Proof of Corollary 1: omitted. B
Proof of Corollary 2: omitted. B

Proof of Theorem 7: The asymptotics of 82 and A (85 n=1/2y,) are well known (e.g.,

Newey and Smith (2004)) and follow from straightforward modifications of the proofs of
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Theorems 3, 4, and 5. We will denote the limit distribution of [§2',u']" by P¥ and begin

n o
by characterizing P and PH. The concentrated limit objective function is of the form
1

Gi(9) = F(Z—R(6-00))T (2~ R(6- o))

= Sl6-00) ~ (RITR) T RITZVRIT R~ 60) — (RIR) T RITZ
+g(J7 R) Z)a

where the function g(J, R, Z) does not depend on ¢. Define the matrix partitions
-1

(RIRYRIz- | P | 2| @@ —esw ~QJ 'z
Zy ~-MJQ MJ M MJ 'z
and
Q=7 - JQQITQ) QI
Using the formula for the inverse of a partitioned matrix it can be verified that eq_zu

Zy = (MQM" ' MQZ. (A.28)

We can express G (¢) = G (s, u) as

Gyls,w) = 5ls — 2.) — (@I Q) QI M)~ uo — Z,)]
X QIT'Q(s — Zs) = (QJ Q) THQI M) (u — ug — Zy,)]

1
+7(u — Ug — ZU)IMQM,(U — Ug — Zu) +Q(J, R, Z)

2
Under the assumption that u = uy we can deduce that eq-sOsu
St = z,—(QJI Q) '\Qi Mz, (A.29)

S = Z,—(QJ'Q) QI M (Z, - U)
U = argmin (@ — Z,)MQM' (@ — Z,),

ﬁz—’u.o
where @ = u — ug and U = U — ug. Then let PH = [SH' 4]’ and P =[S, u}y + U'). The
limit distribution of the likelihood ratio statistic can be manipulated as follows
2(G, (P™) = G;(P))
= Z'MQMZ, — (U — Z,)MQM' (U — Z,)
= “UNU+ZANU+UNZ,,
where A = (MQM’)~!. We deduce from Theorems 4 and 5

LR (uo) = 2(G; (P%) — Gi(P)).

q

The statement of the theorem follows from defining . W

Proof of Corollary 3: omitted. B
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Table 1: PARAMETERIZATIONS OF DGPs

DGP 1 DGP 2 DGP 3

pra  [0.5,-0.1] [0.9,0.3] [0.5,—0.1]

pix 05,05  [0.505 [0.3,03)
pa.x 0.5 0.5 0.8
Vo) 141 1.41 2.36

v(aq) 1.05 0.55 1.87

48
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Table 2: SAMPLING DISTRIBUTION OF @

%) by O12)
Ug Bias MSE Bias MSE Bias MSE
DGP 1
0.00 -0.25 181 000 1.99 -0.01 161
0.50 -0.12 184 000 199 032 171
.00 -005 191 0.00 199 065  2.03
2.00 -0.01 1.98 000 1.99 130  3.30
300 000 1.99 000 199 195  5.42
500 0.00 199 000 199 326 1221
1000 000 1.99 000 199 652  44.08
DGP 2
0.00 023 184 000 201 000 167
0.50 0.2 197 000 201 -083  2.36
100 0.00 200 0.00 201 -1.66 4.44
2.00 000 201 000 201 -333 1276
300 0.00 201 000 201 -500 26.64
500 000 201 000 201 -833 71.06
1000 000 201 000 201 -16.66 279.34
DGP 3
0.00 -0.82 337 002 556 000 1.24
0.50 -0.56 3.52 0.02 556 057 157
1.00 -037 385 002 556 115 255
2.00 -0.13 463 002 556 229 647
3.00 -0.03 519 002 556 343  13.00
500 0.0l 553 002 556 571  33.87
1000 002 556 002 556 1142 13167

Notes: The table reports bias and mean squared error (MSE) based on the simulation of

the limit distribution.



Table 3: AsyMPTOTIC CONFIDENCE INTERVALS FOR 6,

CSlo) cSh
uo  +/n Length Cov Prob /n Length Cov Prob

DGP 1
0.00 4.42 0.90 4.64 0.90
0.50 4.51 0.90 4.64 0.90
1.00 4.58 0.90 4.64 0.90
2.00 4.65 0.90 4.64 0.90
3.00 4.66 0.90 4.64 0.90
5.00 4.66 0.90 4.64 0.90
10.00 4.66 0.90 4.64 0.90

DGP 2
0.00 4.45 0.90 4.64 0.90
0.50 4.62 0.90 4.64 0.90
1.00 4.65 0.90 4.64 0.90
2.00 4.65 0.90 4.64 0.90
3.00 4.65 0.90 4.64 0.90
5.00 4.65 0.90 4.64 0.90
10.00 4.65 0.90 4.64 0.90

DGP 3
0.00 5.81 0.90 .77 0.90
0.50 6.15 0.93 7.77 0.90
1.00 6.48 0.93 7.77 0.90
2.00 7.05 0.91 .77 0.90
3.00 7.44 0.90 7.77 0.90
5.00 7.75 0.90 7.77 0.90
10.00 7.79 0.90 .77 0.90

50

Notes: The table reports the length, scaled by /n, and the coverage probabilities of the

asymptotic confidence intervals.



Table 4: ASYMPTOTIC CONFIDENCE INTERVALS FOR g

CS () CSty
uo  +/n Length Cov Prob /n Length Cov Prob

DGP 1
0.00 1.64 0.90 1.91 0.90
0.50 2.03 0.90 2.21 0.90
1.00 2.37 0.90 2.51 0.90
2.00 2.86 0.90 2.97 0.90
3.00 3.08 0.90 3.23 0.90
5.00 3.16 0.90 3.45 0.90
10.00 3.16 0.90 3.46 0.90

DGP 2
0.00 0.61 0.90 1.03 0.90
0.50 0.95 0.90 1.31 0.90
1.00 1.11 0.90 1.54 0.90
2.00 1.15 0.90 1.76 0.90
3.00 1.15 0.90 1.80 0.90
5.00 1.15 0.90 1.81 0.90
10.00 1.15 0.90 1.81 0.90

DGP 3
0.00 3.11 0.90 3.43 0.90
0.50 3.49 0.90 3.71 0.90
1.00 3.87 0.90 4.01 0.90
2.00 4.56 0.90 4.59 0.90
3.00 5.11 0.90 5.08 0.89
5.00 5.74 0.90 5.68 0.90
10.00 5.99 0.90 6.14 0.90

o1

Notes: The table reports the length, scaled by /n, and the coverage probabilities of the

asymptotic confidence intervals.



