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1 Introduction

This paper analyzes optimal fiscal policy in a business cycle model with the recursive prefer-
ences of Epstein and Zin (1989) and Weil (1990) (EZW henceforth). I consider the stochastic
growth model with technology and government expenditure shocks and complete markets.
Lump-sum taxes are not available. Instead, there are proportional taxes on capital and labor
income. Distortionary taxes give rise to an optimal policy problem, in a which a benevolent
planner is choosing taxes and debt in order to maximize the utility of the representative
household.

The questions are classic: how should the policy maker use taxes and debt during booms
and recessions and in response to high and low fiscal shocks so that welfare is maximized?
Should there be taxation of capital or labor income? How should the return on government
debt vary? The formulation of these classic questions makes it evident that the policy
problem entails a dynamic decision that it intertwined with a decision under risk. These
two dimensions are encoded in asset prices, which are central to the policy maker since
they inform him about the desirability of debt and therefore the extent to which he has to
resort to distortionary taxation. In particular, optimal policy prescriptions revolve around
the theme of fiscal hedging, i.e. the use of state-contingent securities as an insurance device
against shocks in the government budget constraint, prescribing a reduction in returns on
government debt in the case of high fiscal or low technology shocks and an increase returns
of government debt in the case of low fiscal or high technology shock.!

As is well known though from Epstein and Zin (1989) and Weil (1990), standard expected
utility, by forcing the coefficient of risk aversion to equate the inverse of intertemporal elas-
ticity of substitution (IES), fails to make a distinction between the dynamic dimension and
the risk dimension and imposes indifference to the temporal resolution of uncertainty. Be-
sides being theoretically unappealing, this feature may be a drawback also on the grounds
of keeping the market price of risk artificially low, giving rise to the various empirical asset
pricing puzzles and —for my purposes— to concerns about using such a model to analyze op-
timal policy in settings where returns on government securities play an important role. As a
response to the empirical failure of the expected utility model, there is by now a voluminous
theoretical and empirical literature in asset pricing that tries to increase the market price
of risk by making a distinction between these attitude towards time and attitude towards
risk, and a growing macro-finance literature, that tries to retain the basic structure of the

real business cycle model and augment it with richer pricing kernels in order to match well

1See Berndt et al. (2011) for an empirical investigation of fiscal hedging in U.S. data.



both quantities and asset prices.? What I am interested in are the implications of this new
model of the pricing kernel for the optimal allocation of tax distortions over the business
cycle. Therefore, I am going to deviate from the stochastic growth model with distortionary
taxes only in the preferences dimension. The model I build would reduce to the standard
business cycle model that Chari et al. (1994) analyzed, if I equate the risk aversion parameter
to the inverse of the IES parameter and to Chamley (1986) and Judd (1985), if I shut off
uncertainty.

The crucial element that enters the picture with EZW preferences is the temporal compo-
sition of risk. In particular, the stochastic discount factor depends on a short run component
of consumption growth and leisure, and on a novel long run component of continuation util-
ity, i.e. the discounted utility of future streams of consumption and leisure. Innovations
or else news in continuation utility affect directly asset prices. When there is preference
for early resolution of uncertainty,® good news about future utility reduce the stochastic
discount factor and therefore increase the return that the investor requires to hold an Arrow
claim to consumption at that contingency. As a result, the policymaker has to take into
account how his tax-debt plan is going to affect the future profile of consumption and leisure
since this is going to affect the current market value of government debt.

Before I proceed to my results, it is worth summarizing the main results about optimal
taxation over the business cycle coming from the work of Chari et al. (1994) with standard
expected utility: essentially constant labor taxes and essentially zero ex-ante taxation of
capital income. A further result is that labor taxes inherit the stochastic properties of
exogenous shocks, thus optimal tax rates cannot constitute a distinct source of persistence
in the economy. A crucial element in the analysis is the cost of distortionary taxation, a
multiplier that captures the welfare loss stemming from the absence of lump-sum taxes.
The optimal policy prescription is to make this cost constant over dates and states, which
agrees with the conventional intuition of “tax smoothing” and is the driving force behind
the results.

In contrast to this prescription, I show that the continuation value channel in asset prices
leads to a time-varying and persistent cost of distortionary taxation. This leads to variation
in taxation of the intratemporal margin and to tazation of the intertemporal margin. I show
explicitly the dependence of the optimal labor tax on the curvature properties of the period

utility of consumption and leisure, which captures the short-run component of the pricing

2See among others Hansen et al. (2008), Bansal and Yaron (2004) and Thomas D. Tallarini (2000) and
the respective surveys by Campbell and Cochrane.

3The typical calibration of EZW preferences features a coefficient of risk aversion that is larger than the
inverse of IES, implying a preference for early resolution of uncertainty.



kernel, and on the time-varying cost of distortionary taxation, which captures the long-run
component of the pricing kernel. For example, when there is indifference to the temporal
resolution of uncertainty, for standard period utility aggregators of consumption and leisure,
the labor tax varies only as long as the Frisch elasticity of labor supply varies, taxing higher
events with low Frisch elasticity and lower events with high Frisch elasticity. In my model
though, even if the Frisch elasticity is constant, the labor tax varies due to variation in
the cost of distortionary taxation, leading to a higher labor tax when the cost of taxation
increases and a lower when it decreases.

Turning to capital taxation, we know form the work of Chari et al. (1994) and Zhu
(1992) that there is a multiplicity of capital taxes and debt that can implement the optimal
allocation and therefore only the ex-ante tax rate is uniquely determined. With standard
expected utility, I show explicitly the dependence of the ex-ante capital tax on the own and
cross elasticity of the period marginal utility of consumption with respect to consumption
and labor. Variation in the sum of these two elasticities is a necessary condition for taxation
of capital income.* With EZW preferences though, there can be ex-ante taxation of capital
income even in the case of a constant sum of elasticities, due to the variation in the cost of
distortionary taxation.

The reason for the time-varying cost of distortionary taxation will become clear if we
think of the dynamic tradeoffs that the planner is facing. Facing a fiscal shock, the planner
has to decide whether to tax (labor or capital income) or to postpone taxation to the future
by issuing one period state-contingent debt. The crucial variable in his problem is the
market value of his debt or asset portfolio. An increased amount of debt (or reduced amount
of assets) for a particular contingency next period entails on the one hand a marginal cost,
since increased debt in the future will have to be paid back with future distortionary taxes
and a marginal benefit, since debt relaxes the current financing constraint of the government
and allows less taxes today. These are the only two tradeoffs with time-additive expected
utility. Equating the marginal benefit with the marginal cost leads to a constant marginal
cost of distortionary taxation. With EZW preferences though, the planner has to consider
the effect of increased debt on continuation utility and therefore on the market value of his
portfolio. Increased debt leads to a negative innovation in utility which —when there is early
preference for resolution of uncertainty— increases asset prices and therefore the value of the
government’s portfolio. This is beneficial for the government if it borrows on average from
the private sector, since by selling claims to consumption next period at a high price allows

a lower tax rate in the current period, and harmful if the government lends on average to

4This condition would be sufficient in the deterministic model of Chamley (1986) and Judd (1985).
Therefore, the zero-tax result emerges at the steady state, since elasticities would be constant.
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the private sector, since the government buys claims to consumption at a high price, forcing
it to tax higher the current period.

As a result, with a preference for early resolution of uncertainty, the cost of distortionary
taxation increases when there is a positive innovation in the household’s wealth (government
securities and capital), leading to an incentive to increase the labor tax rate and decreases
when there is a negative innovation in the household’s wealth, leading an incentive to decrease
the labor tax. Thus, high fiscal shocks or low technological shocks, that are insured against
with an ex-ante purchase of assets, command a lower labor tax, whereas low fiscal shocks
or high technology shocks, for which the planner is ex-ante issuing debt, lead to a higher
labor tax. As a result, the tax rate on labor income covaries negatively with government
expenditure shocks and positively with technology shocks.

Furthermore, I show that the cost of distorionary taxation exhibits a martingale-like
behavior, inducing persistence to the policy variables and to the optimal allocation. This
is in contrast to the results of Lucas and Stokey (1983) and Chari et al. (1994), who show
—theoretically in the case of Lucas and Stokey (1983) in an economy without capital and
quantitatively in the capital case of Chari et al. (1994)— that the labor tax rate inherits the
stochastic properties of the exogenous shocks. With EZW preferences though, optimal tax
rates become persistent in order to properly affect the forward-looking continuation utilities
and therefore asset prices. The persistence in the Ramsey allocation is captured by an
additional state variable, which is the household’s wealth in period marginal utility units. I
show that the planner needs to keep track of this state variable exactly in order to be able
to determine the evolution of the cost of distortionary taxation, something which would be
redundant when there is indifference to the temporal resolution of uncertainty. Therefore,
government debt, by affecting the household’s wealth, is assuming a novel role besides the

traditional role of being a fiscal absorber which has been emphasized in the literature.

1.1 Related literature

[To be written]

2 Economy

Time is discrete and the horizon is infinite. As Chari et al. (1994) and Zhu (1992), I use the
canonical stochastic growth model with distortionary labor and capital income taxation, with
the exception of the recursive preferences. The economy is populated by a representative

household that consumes, works, accumulates capital and trades in complete asset markets.



There is uncertainty in the economy stemming from exogenous technology and government
expenditure shocks and it is captured by the variable s. Let s = (s, s1, ..., s;) denote the
partial history of shocks till time ¢. For simplicity, I am going to assume that the exogenous
shocks take finite or countable values. Let m(s") denote the probability of the partial history

st and let sg be given, so that m(sg) = 1.

2.1 Preferences

The representative household derives utility from random sequences of consumption {c} =
{ci(s) }iso.st and leisure {1} = {li(s") }+>0,st- The notation makes explicit that consumption
and leisure at time ¢ are measurable functions of history s’ (or adapted to information at
time ¢). There is one unit of time to allocate between labor and leisure, thus labor is
hi(s') = 1 —1;(s"). The household ranks consumption and leisure plans following a recursive
utility criterion of Kreps and Porteus (1978). In particular, let V; denote the household’s

utility at time ¢ (as adapted to information at t). V; follows the recursion

Vi = Wu(er, 1 = ), pe(Vera))- (1)

The household derives utility from a composite good that consists of consumption and
leisure, u(ct, 1—hy), and from the certainty equivalent of continuation utility u; = ¢~ (E;p(Viy1)),
where E; denotes the conditional expectation operator given information at ¢ with respect
to the measure 7, and ¢(.) is a concave, increasing function that is capturing atemporal risk
aversion. The time preference of the household between the composite good today and the
certainty equivalent of continuation utility is captured by the time aggregator W.

[ will focus my analysis on the case of isoelastic preferences of Epstein and Zin (1989) and
Weil (1990) (EZW henceforth), and use a CES time aggregator and a power utility certainty

equivalent. In particular, the EZW preferences take the form

Vi = [(1= B)ulen L= he) 7 + BBV ] 77, (2)

The parameter 1/p captures the intertemporal elasticity of substitution, whereas the

parameter 7 represents risk aversion in the calculation of the certainty equivalent. These

preferences reduce to standard time-additive expected utility when p = ~. Furthermore,

they take into account the temporal resolution of uncertainty and can exhibit preference for

early (p < ) or late (p > ) resolution of uncertainty, whereas with expected utility there
is indifference about the temporal resolution of uncertainty (p = ).

It is useful for later purposes to bear in mind the monotonic transformation v; =



Vi -1 5
(1-B)(1—=p)’

in this case

which will be called the p-transformation.” The utility recursion (2) becomes

1

B+ (1= B)(1 = pJoa] | — 1
T=A—) |

’Ut:Ut‘i‘ﬁ (3>

1—
where U(c;, 1 — hy) = “tl_pp_l, with respective derivatives U; = uPu;,7 = ¢,l. For the rest
of the paper, I will refer to U and U;,i = ¢,l as period utility and period marginal utility

respectively.

Of particular interest is the case when the intertemporal elasticity of substitution becomes

unity, p = 1. Then (2) becomes V, = v, P uf , and applying the p-transformation for p = 1,

v = %7 we get the risk-sensitive recursion® 7
v, = Inwu + b In E; exp [(1 - B)(1— 'y)vtﬂ]. (5)
(1=8)(1 =)
It will be useful to define
Vi
M1 = ——3—=,t >0, (6)
BV

with mg = 1. Note that m;,; is positive since V; . is positive and that Fym;; = 1.
So my.1 can be interpreted as a change of measure of the conditional probability density

Ter1(Se41]8Y), or, in other words, a conditional likelihood ratio. Similarly, define the product

°Applying the respective y-transformation f(V) = (Klﬁf)ﬁ on (2) delivers the representation used in

Weil (1990).

6The risk-sensitive recursion in (5) has an intimate link with the multiplier preferences of Hansen and
Sargent (2001), that capture the decision maker’s fear of misspecification of the probability model 7. The
multiplier preferences are described by the recursion

'UtHS = Ut + 6 min I:Etmt+1’Ug{+S1 + 9Etmt+1 In mt+1], (4)

my412>20,Eymeq1=1
for a positive penalty parameter § > 0 and some period return function U. The multiplier preferences (4)
reduce to expected utility for 6 = co. Assume that v > 1, and let the period utility in (4) be logarithmic.

Then the risk-sensitive recursion and the multiplier preferences recursion are equivalent if we set 671 =
—(1-B)(1 - 7).

"For a decision-theoretic axiomatization of the multiplier preferences see Strzalecki (2010a). For a deeper
analysis of the relationship between the temporal resolution of uncertainty and ambiguity aversion see Strza-
lecki (2010D).



of the conditional likelihood ratios as

sy = Hmi(si), (7)

with the normalization My, = 1. This object has the interpretation of an unconditional
likelihood ratio and is a martingale with respect to measure 7.

Let the technology in the economy be captured by a constant returns to scale production
function F, and let k1 (s") denote capital for the beginning of period t + 1, as function of

information at ¢t. The resource constraint in the economy takes the form
ci(s") + ke (s') = (1= 0)ki(s"™1) + gu(s") = F(se, k(1) hu(s")). (8)

Household’s problem. The representative household consumes c¢;(s"), works hy(s') at
wage rate wy(s'), accumulates capital k;i1(s") that depreciates at the rate § and can be
rented at rental rate 7(s), pays proportional labor income taxes with rate 7/7(s!) and capital
income taxes with rate 7/(s') and trades in complete markets. The household’s problem is

Choose {ci(s"), hi(s'), kir1(s"), b1 (s im0t to maximize

Vo({c},{n})

subject to

ci(s )+ kii(s') + Zpt (8t41, 8 bt+1( Hl) <(1- TtH(St»wt(St)ht(St)

St+1

H(L =75 ())re(s") + (1= 0)]ke(s"™) + be(s"),

the non-negativity constraints for consumption and capital ¢;(s"), ki1(s") > 0 and the feasi-
bility constraint for labor h:(s') € [0, 1], where ko and by given. The term b, ;(s'™) stands
for the holdings at history s’ of an Arrow security that delivers next period one unit of
consumption if the state is s;;; and zero units otherwise, and trades at the price p;(s¢.1, %)
in terms of the history-contingent consumption ¢;(s?).

The household is also facing a no-Ponzi game condition that takes the form

tli)m ZQt [kera(s') + Zpt St+1,8)bira (s71)] >0, (9)

St41



where ¢(s') = Hﬁ;é pi(8is1,5"),qo = 1. In other words, ¢; stands for the price of an Arrow-
Debreu contract at ¢t = 0.

Define the after-tax gross return on capital

Rfil(st“) =(1- Tﬁl(stﬂ))rtﬂ(stﬂ) +1-0. (10)

By a no-arbitrage argument we can show that the price of this return has to be unity

Zpt (St+1,8 t+1( 1tH) =1. (11)

St+1
This relationship will be also derived as an optimality condition of the household.
The no-arbitrage condition (11) together with the no-Ponzi game condition (9) allows us

to derive the intertemporal budget constraint of the household at ¢ =0

DD alsHlels’) = (1 =7 (s))wi(s")ha(s")] < Ri ko + bo- (12)

t=0 st

Firms. A price-taking firm operates the constant returns to scale techonology, v, = F'(s;, Ky, Hy).
The firms rents capital and labor services and maximizes profits. Factor markets are com-

petitive and therefore profit maximization leads to wy; = Fg(s') and r; = Fi(s).

Government. The government taxes labor and capital income and issues state-contingent
debt in order to finance the exogenous government expenditures. The dynamic government

constraint takes the form

bi(s') + gi(s") < Th(s') + Zpt Ser1,8 )b (s, (13)

St+1

where

Ti(s') = 7 (s )we(s") ha(s") + 7 (s")re(s" e (s'7),

the total tax revenues of the government. When b, > 0, the government borrows from the
household and when b; < 0, the government lends to the household. The respective no-Ponzi

game condition for the government is



hm Z Gr1(s" by (s < 0. (14)

st+1
This condition has the interpretation that the government should not have debt at infinity.

Definition 1. A competitive equilibrium with taxes is a stochastic process for prices {p,w,r},

an allocation {c, h,k,b} and a government policy {g, 7%, 75 b} such that:

o Given prices {p,w,r} and tazes {7, 75}, the allocation {c, h,k,b} solves the house-

holds’s problem.
o Given {w,r}, firms mazimize profits and therefore wy(s') = Fy(s'), ri(s') = Fr(s).

o Markets clear
cr(8") + ki (s") — (1= O)ke(s'™1) + gu(s") = Fsy, ku(s71), hy(s")).

e The government budget constraint holds.

bi(s") = Ty(s") +Zpt St41, 8 )bt (s o,

St+1

2.2 Competitive equilibrium characterization

I am now in the position to characterize the competitive equilibrium. It is instructive to
depict first the household’s optimality conditions for a general utility index 1V and then
proceed to the EZW case. The first-order conditions for an interior solution with respect to

Arrow securities and capital are

aVo/acztﬂ (SHI)
Ploet ) = v (s

and

Vo Vo K (g1
Ocy(st) Z@ctﬂ st“)RtH( )

St+1

8These two conditions deliver the no-arbitrage condition (11).
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The labor supply decision is governed by

—0Vy/Ohy(s")
OVo/0cy(st)

which equates the marginal rate of substitution between consumption and leisure with the

= (1= 7" (s"))we(s"),

after tax wage. For the EZW preferences, the derivatives with respect to consumption and

labor take the form ?

OV, -
act(;]t) = (1= B)VEB'm(s")My(s") 15 Uc(s"),
oV; -

Sy = (L AWML S Ui,

where M; defined in (7).

Thus the labor supply condition becomes

Uy(s") _ w(st)
Uc(st)  ue(st)

The equilibrium condition that equates the price of an Arrow security with the marginal

= (1 =7 (s))wls"). (15)

rate of substitution of the household is therefore

V (St—i—l) P U (St—i—l)
t t t+1 c
pt(3t+1,5) 57Tt+1(3t+1|3 ) ( Mt(ViH) ) UC(St) ) ( )
or
p= Uc St+1
Pe(St41, St) = 57Tt+1(3t+1|3t)mt+1(3t+1) - ( ) (17)

U.(st) ’

in terms of the conditional likelihood ratio (6). The change of measure M; allows also a

concise expression for the price of an Arrow-Debreu contract at ¢ = 0

9The derivative with respect to ¢; can be calculated recursively from the relationship

oVy OV Oy OVig
Ocryi Oy OVigr Ocepy

Similarly for h;.
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2
=
—~
V2)

~+
~—

p—

qu(s') = Brmi(s") My(s') =

(18)

Furthermore, at the optimum the two asymptotic conditions (9) and (14) have to hold
with equality, which lead to two tranversality conditions with respect to capital and Arrow

securities

Hm Z By (sh) My (1) 5 U8t by 1 (s7) = 0 (19)
lim S 8% () My (8 U (5 )by (1) = 0 (20)
t—o0 g

The stochastic discount factor S;.; with EZW utility is

Vi o, =1 [J,
Sy = 5( t+1> 41 _ g i Vetil (21)

Ht Uet Uet

The disentaglement of risk aversion and intertemporal elasticity of substitution (p # )
introduces continuation values scaled by their certainty equivalent p;. In log-linear setups
this translates into the innovation in the log of continuation utility or else “news” about the
present value of future consumption and leisure streams. The temporal composition of risk
therefore matters for the stochastic discount factor and asset pricing and is the channel that
allows to increase the market price of risk in Bansal and Yaron (2004) and Hansen et al.
(2008).

Add a more elaborate analysis of the “news” channel.

Remark 1. The presence of continuation values in the stochastic discount factor is changing
non-trivially the implications for optimal policy, by changing the planner’s means of affecting
equilibrium prices. The forward-looking nature of continuation values will contribute to richer

dynamics of the Ramsey plan.

3 Ramsey problem

I am going to solve the Ramsey problem under commitment. The problem of the planner
is to choose at period zero the competitive equilibrium that maximizes the utility of the

representative household. I follow the primal approach of Lucas and Stokey (1983) and

12



eliminate taxes and equilibrium prices from the competitive equilibrium conditions. As a
result, the problem of the planner reduces to a problem of choosing allocations that satisfy
the resource constraint (8) and implementability constraints, i.e. constraints that allow the

optimal allocation to be implemented as a competitive equilibrium.

3.1 Implementability constraints

I am going to work with the household’s wealth W, which comprises of the holdings of Arrow

securities b; and the capital wealth RSk,

Wi(s") = by(s") + RE (s ke(s1). (22)

Given the above definition and the no-arbitrage condition (11) we can recast the house-

hold’s problem in terms of wealth. In particular, note that

Zpt (St41,$ Wt+1( t+1) = Zpt (St41, 5 bt+1( 1)+R{i1(3t+l)kt+1(3t)]

St+1 St+1

= Zpt St415 8)bp1 (8771 + ki (sY).

St+1

Therefore, the household’s dynamic budget constraint becomes

) + Zpt St4158 )Wt (s = (1= 77 (s")Jwe(s) e () + Wi(s").

St+1

Using now (15) and (16) to eliminate labor taxes and equilibrium prices leads to

UaW = Qy + BEtmﬁ Ueir1iWiy1, (23)
where
Qt = Uc [C (1 — Tt )U)tht] = Uctct — Ultht- (24)

So §2; stands for consumption minus after tax labor income, in period marginal utility of
consumption units. Note that €2, is a function of consumption and labor only, €, = Q(c, hy).

We can summarize all this discussion in terms of a proposition

13



Proposition 1. The Ramsey planner faces the following implementability constraints:

=

UctWt = Qt + ﬁEtmtlJ;f Uc7t+1Wt+1,t Z 1
[l
1—

UsoWo = Qo + ﬂEomﬁUc,lwl

where Wy = [(1 — 78 F(s0, ko, ho) + 1 — 5]k0 + by, ¢, ki1 > 0, by € [0,1] and
(ko, bo, 78, s0) given. Furthermore, the two tranversality conditions (19) and (20) have to
be satisfied. The conditional likelihood ratio mu1,t > 0, defined in (6), is endogenously

determined by continuation values that follow the recursion (2).

Remark 2. Complete markets allow the collapse of the household’s dynamic budget con-
straint to a unique intertemporal budget constraint. However, maintaining the dynamic
budget constraint of the household is more convenient for a recursive formulation. Also I am

abstracting from the taxation of initial capital and take 7& as given.

A consumption-labor-capital allocation (c, h, k) that satisfies the resource constraint (8)
and the constraints of proposition 1 can be implemented as a competitive equilibrium by
recovering prices {p,w,r}, tax rates {7, 75} and government debt policies {b} from the
household’s optimality conditions and budget constraints. Note that, as Zhu (1992) and
Chari et al. (1994) have shown, we can recover in a unique way only the labor tax 77,
whereas there is a multiplicity of capital tax and debt policies {75, b} that can implement
the same allocation as a competitive equilibrium with prices {p, w, r}. The reason behind this
result is that an implementable allocation {c, h, k} uniquely determines only the household’s
wealth W, which can be generated by a multiplicity of capital tax and debt policies through
(22). However, it is well known that we can uniquely determine the ez-ante tax rate on

capital income 7/, (s"), which is restricted to be function of history s’, *

ZSH_I pt(St-H, St)(TH_l(StJrl) +1-— 5) —1

Zsm Pe(Ser1, 811 (s11)

Tira(s) (25)

Definition 2. The Ramsey problem is to maximize at t = 0 the utility of the representa-

tive household subject to the implementability constraints of proposition 1 and the resource

10The ex-ante tax rate is associated with the ex-post tax rate from the equation
Yy Pelserns shripa (s T/ (71
Zstﬂ DPe(St41, $H)rep1(stH1)

77'1:]-(+1(5t) =

14



constraint (8).

3.2 Recursive formulation

I will break the Ramsey problem into two subproblems and form the problem recursively from
period one onward. For that purpose, let z; denote the household’s wealth in period marginal
utility terms, z; = U,W;. Given this definition, rewrite the dynamic implementability

constraint (23) as

P—
Zt = Qt + ﬁEtmtl_;i/ Zt+1,t Z O

The variable z; will serve as a state variable in a recursive formulation of the Ramsey
problem. Note though that from period one onward z,; is forward-looking variable that it
not inherited from the past. This creates the necessity to determine the space in which it

lives. Let

Z(s1, k) = {21|3{ct, hetiot, {kests Zeets Vied Yoot with ¢, ki > 0 and by € [0, 1]
such that:
2z = Qeg, hy) + BEtmﬁth,t >1
e+ ki — (L= 08)ky + gt = F(st, ke, he)y t > 1

where myy; defined as in (6) with V;,1,¢ > 1 following recursion (2)

oy
Mg\ =
M,

and tlggo E,\ 5 ( 241 = 0} (26)

Z(s1, k1) denotes the set of values of the variable z; at ¢ = 1, that can be generated by
a competitive equilibrium with taxes, when the initial shock is s; and the capital inherited
from period zero k.

I am going to represent the problem under commitment recursively by keeping track of
the natural state variables (ki, s;) and the variable z;, that captures the commitment of the
planner to his past promises, so my state vector will be X; = (2, k¢, s¢). Note that due to
the forward-looking nature of z;, the set Z(s1, k1) has to be determined. A (computationally
intensive) way to proceed would be the recursive calculation of this set along the lines of
Kydland and Prescott (1980).

In particular, let z; € Z(s1, k1) and break the problem into two subproblems: the problem
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starting from period one onward and the problem at the initial period ¢t = 0. Let V (21, k1, s1)

denote the value function of the subproblem from period one onward, i.e.

Problem 1. The problem from period one onward is
V(z1, k1, 81) = max Vi({c, h}i>1)

subject to

oy
Zt = Q(Ct7 ht) + ﬂEtmttf Zt—l-l;t 2 1
cr+keor — (L= 0)ke + g = F(se, ke, he), t > 1,

the non-negativity constraints for consumption, capital, labor, the TVC, where myyq denotes

the conditional likelihood ratio that is generated by the utility recursion (2).

Bellman equation. Let the exogenous shocks follow a Markov process with transition
probabilities 7(s’|s). The functional equation that determines the value function V/(.) takes

the form

k = 1— 1 — p)i=r ’ % N1—y]1=2] T-7
Ve ko) = ma |(1= B)ule L= by~ + B[ a(slaV (k. )]

subject to

V(zl, K, s

2 =Q(c.h)+ Y 7(s'|s) 2, (27)
s [Zs’ 7T(8,|S)V(Z;/v kl? 8/)1_7] e

c+k —(1=90)k+gs=F(s,k,h) (28)

e, k' >0,h€10,1] (29)

2, e Z(s k) (30)

k" and z., stand for capital and period marginal utility-weighted assets next period. The
notation captures the fact that the planner is choosing 2/, next period at the particular

contingency s'.

Remark 3. The value function shows up in the dynamic implementability constraint that

the planner is facing. The reason is the presence of continuation value in the stochastic
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discount factor (21) due to the fact that the temporal resolution of uncertainty matters.

3.3 Initial period

A full description of the Ramsey planner’s problem requires the description of the problem

at the initial period:

Problem 2. The problem att =0 s

1

%(b()a kOa 8077—(][{) = max (]— - ﬁ)U(CO, ]- - hO)l_p + B[ZWI(SI|SO)V(21,S17 kla 81)1_’7:| ﬁ] .

co,ho,k1,21,s,

)

S1

subject to

Uso[((1— 70 ) Fx (S0, ko, ho) + 1 — &) ko + bo] = Q(co, ho)
V(Zle, k17 81),0—’)/

+5Z771(81‘$0) = (31)
51 [Zsl T (s1]50)V (21,6, k1, 81)1 7]

co+ ki — (1= d)ko + go = F(50, ko, ho) (32)

co, k1 >0, ho € [0, 1], (33)

21,5, € Z(Sl, ]Cl) (34)

where (ko, by, s0, 785 given.

Discussion. The problem at the initial period is different from period one onward due to
the presence of the initial debt and capital (by, ko) and to the exogenously fixed initial tax
rate on capital income 7, that functions as a lump-sum tax. As a result, the overall value
of the Ramsey problem V; and the policy functions of problem 2 (cq, ho, k1, 21.5,) Will depend
now on (b, ko, so, 7&). Note that the initial value of the forward-looking variable z; that
was taken as given in the subproblem 1 is chosen optimally in order to solve the problem
at t = 0. In this sense the variable z is a pseudo-state variable, i.e. a jump variable that is
treated as fixed in order to capture the commitment of the planner to his past promises and

help formulate the problem recursively, as Kydland and Prescott (1980) have demonstrated.
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4 Optimality conditions

I am going to present the first-order conditions in a compact way by utilizing a “tilde”
notation, that denotes a convenient scaling with the value function V' and the discount
factor (3,

Y=V, "(1-8)'Y, (35)

for a generic random variable Y; = Y (z, k¢, ;). Furthermore, define

= (s |s)mt 2, (36)

8/

" o ) V(K s )=
where m/, stands for the conditional likelihood ratio, m/, = > W(S(,T;)V(;;/)’k,,s/)lﬂ, The term w

appears in the left hand side of (27) and is instrumental to the interpretation of the Ramsey
plan. It can be roughly thought of as the market value of the household’s wealth portfolio.
Let ® and A be the multipliers on the dynamic implementability constraint (27)and
the resource constraint (28) respectively. Note that at the optimal solution the multipliers
will also be functions of the state & = ®(z,k,s) and A = A(z,k,s). Then the first-order

conditions for an interior solution at points of differentiability of the value function are !

c: U +d0 =\ (37)
h: —U+®Q, = —\Fy (38)

~ Tl ~ Ow

Koo A= |sym Vi, K 8') + BB
6] gw(s |s)my " Vi(zy, k', ") + B B (39)

/ / ’T:W ¥ / A = Jw

2o w(s|s)my V(2L K s + @ 0 (40)

0z,

Q;,1 = ¢, h stand for the partial derivative of 2 with respect to consumption and labor.

Furthermore, the derivatives of the market value of the household’s portfolio with respect to

UThe “tilde” notation employed is directly related to the p-transformation in (3): Let v(z, k,s) =

%. Then v;(z,k,s) = (1 — B)" 'V (z,k,8) PVi(z, k,s) = f/i(z,k,s)J = z,k. The multipliers

®, A\ correspond to the multipliers of the respective functional equation for the transformed value function
v(z, k, s).
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capital and period marginal utility-weighted wealth are

aw 1=

on = (1= B)p=) Y w(ls)my ™ Vilzl, K, )V (20, K 8) 707, (41)
Qe (s mi [ )= Vel KV K, )0 1], (42)
where

Ny = zy—my" Zﬂ(s’\s)m;jz;,. (43)

s/

Using (41) and (42), the first-order conditions with respect to k" and 2., are finally becoming

1L

Koo A=p) w(|$)ymes Vil K81+ (1= B)(p — MV (2, K, '), 8] (44)

~

2, f/z(z;,, K. s') + i)[l +(1-08)(p— 7)173(22,, K, sV (2 K, s’)_(l_p)n;,} =0. (45)

Similarly, let &y and Ay denote the multipliers on the initial period constraints (31) and
(32) respectively and let the “tilde” notation (35) refer now to the scaling with the value

function V; at t = 0 for variables dated at time zero, to get

Co - Ueo + (i)O [Qco - Ucc,OWO] = /N\o (46)

ho : —Up + q:)0 [Qho + Uy oWo — Ugp(1 — T()K)FKH,OI'{:D} = —;\oFHo
Ky 5\0 = ﬁzﬂ(sﬂso)mfj%(zl,su k1, 51)
’ [1 + (1 - ﬂ)(p - W)V(ZLSN klv 51>7(17P)771,81 (i)o} (47>
Zl,sl : %(ZI,SU kl)sl)

+é0 [1 + (1 - ﬂ)(p - ’7)‘72(21781a kla Sl)V(ZLSI, kl) 31)—(1—0)771,81] = Oa (48>

where Wy = [(1 — 7) Fx (s0, ko, ho) + (1 — 8)] ko + bo, the household’s initial wealth.

Envelope conditions: The envelope conditions for the endogenous state variables are
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V.(z,k,s) = — (49)

Note that the binding directions of (27) and (28) lead to ® > 0 and A > 0, so that
V.(z,k,s) < 0 and Vi(z,k,s) > 0. As a consequence, the respective “tilde” derivatives
become V, = —® < 0 and f/kzj\(l—d—ka) > 0.

5 Analysis

5.1 Cost of distortionary taxation

Our main object of the analysis will be the multiplier i), which captures the shadow value
of the constraints that the competitive equilibrium imposes in the second-best world. In
first-best world with lump-sum taxes available, ® would be zero. For that reason it carries
the interpretation of the exzcess burden of distortionary taxation.

The richer structure of the stochastic discount factor manifests itself with the presence of
the value function in the dynamic implementability constraint (27). Its importance is rooted
in the fact that changes in the period marginal-utility weighted wealth 2z, and in capital £’
affect through the continuation value the market value of the household’s asset portfolio w.

Consider the first-order condition (45), which captures the dynamic tradeoffs that the

planner is facing in increasing z.,, and decompose it to three terms:

V(2L K s+ o + 01— B)(p—Y)Va(2h, K, sV (2, K, )~ 1=Pn, = 0.(51)
——— ~~ M

s’
N

MC of increasing 2/, MB of relazing 1C price effect of z', (MB/MC
g S S

The first-order condition equates the marginal costs and benefits of increasing z,. An
increase in 2/, (e.g. by issuing debt) at contingency s’ has a marginal cost since it is associated
with more taxation in the future (V. (2., k', s') < 0) but it entails also a marginal benefit by
relaxing the implementability constraint and allowing therefore less taxation today. These
are the first and second terms respectively in (51) and the only two terms relevant if we were

in the expected utility world of Chari et al. (1994).
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Price effect of continuation value. However, an increase in 2., has a third effect which
I will term the price effect, since it affects through the value function the equilibrium price
and therefore the market value of the household’s portfolio w (36). This effect is captured by
the third term in (51) and depends on the preference for early (late) resolution of uncertainty

(p < (>)7) and on the term 7/, that is defined in (43). At first, note that 7, has the following
property:

Lemma 1. (“Innovation” property)

Z m(s'|s)my ", =0 (52)

1= 1P= /1; 12— _
Doallshmy iy = Y (S |smyg T s = Y (s smg T mg T Y (s smg 2

!

s

since ), m(s'|s)m!, =1 by construction. O

The above lemma instructs us that n’, can take both positive and negative values. Thus,

if there is a preference for early resolution of uncertainty (p < 7) and

e 1)/, > 0, then there is a marginal benefit in increasing z., (positive price effect).

e 7)), <0, then there a marginal cost (negative price effect).

The direction of the inequalities is reversed for the opposite case of p > . The variable
1., is by construction a measure of how much the household’s wealth 2/, are above or below a
multiple of w. In the case of p = 1, there is a sharper interpretation of 7!, as the conditional
forecast error (or innovation) of the assets 2., under the measure 7, - M;. I will refer to n’,
as the innovation even in the case of p # 1, which explains the naming of lemma 1.

Collect now the terms that involve the derivative of the value function V, (2, k', s') in
(45), use the envelope condition for next period to get V.(zy, k', s') = —®',, and rewrite (45)

in terms of !

—_
—_

7 =5t =B = V(KT (53)
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Follow the same steps for the optimality condition at ¢ = 0, (48) and use sequence

notation to finally get

1 1 -
—— = =+ (1= 0)(p~ VH 1, t 2 0. (54)
Qi1 Oy
The above equation determines the law of motion of the shadow cost of distortionary
taxation @, or else the shadow cost of the household’s wealth z;, and plays a crucial role in

the dynamics of the solution.

There are two main comments that are due. At first, note that in a deterministic world
the innovation in the household’s wealth 7,,; would be identically equal to zero (9,41 = 0),
which would result to a constant cost of distortionary taxation, ®. Furthermore, even under

uncertainty but with p =+ we would have

so the cost of distortionary taxation would again stay constant (albeit different than the

relevant one in the deterministic case).

Remark 4. As far as the cost of taxation is concerned, there is no essential difference
between a deterministic world and a world where p =, since both lead to a constant cost. In
contrast, when the dynamics of risk matter, the planner tries to affect the cost of distortionary
taxation in order to take advantage of the continuation utility channel in the pricing kernel,
with the ultimate incentive to make cheaper claims when he buys and more expensive when

he sells.

The time-varying nature of @ is also the deeper reason for keeping z as a state variable:

Proposition 2. (“Debt matters”) EZW preferences contribute an additional state variable
2 to the optimal taxation problem. With expected utility p = vy, it would be sufficient to keep

track only of (k,s), because the cost of distortionary tazation ® is not time-varying.

Proof. [To be shortened] For p = -, the Bellman equation (3.2) becomes

V(z,k,s) = max [(1—B)u(c,1—h)""+ BZW(5/|3)V(Z;/» K, s') ] =

YA,
c,h,k 2l
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subject to

2 =Q(c,h) + B 7(s']s)zl (55)

and the resource constraint (28). Note at first that the value function is not appearing
anymore in the dynamic implementability constraint, since with expected utility it does not

affect the stochastic discount factor. Furthermore, the first-order conditions become

(1 -8V (z,k, s)Pu"Pu. + Q. = A
_(1 - ﬁ)‘/(Z’ k7 S)pu_pul + ®Qh - _)\Fh(s, k, h)
Koo Vigks)PA=8Y a(s|s)V(l K, s) "Vilzl K5

20 V(LK ) TPV K ) = V(2 kys) TP

Use now the envelope condition (49) and utilize the tilde notation to get

(2, K, 8) = (2, k, ) (56)

Thus the multiplier ® remains constant &3(,2, k,s) = ®, V(z,k,s). This can be easily seen
also from the law of motion (54) for p = 7. Utilize also the envelope condition with respect

to capital (50) and the “tilde notation” to get finally the following first-order conditions:

u Pu, + PN = A
—u_pul -+ (T)Qh = —S\Fh
=B w(s|s)Ny(1 = 6 + Fr)

Note that if we knew ®, then the optimality conditions above together with the resource
constraint (28) would allow us to derive the policy functions for (¢, h, k') as functions of
(k, s) and the fixed value ®. In other words, the dynamic implementability constraint (55)
is necessary for the determination of the solution only as long as it affects the shadow cost of
distortionary taxation ®. Since for the case of expected utility this cost is not time-varying,

but constant to some value ® independent of (z,k,s), the planner does not have to keep
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track of the marginal utility-weighted wealth z, but only of the state variable (k,s). Note
that if we had an economy without capital, we would need to keep track only of s, and this
would be a manifestation of the history-independence result of Lucas and Stokey (1983).
So the problem for p = v reduces to the Chari et al. (1994) case with a constant ®. In or-
der to see that even clearer, transform the utility recursion (2) by using the p-transformation.
The Bellman equation for the Chari et al. problem is
VK (k, 5;8) = max [U“K(c, h; B) +BZ |s)VER (K, s @)

c,h,k’
subject to the resource constraint (28), where ¢, k' > 0,h € [0, 1] and

u(c,1 —h)1=? -1

CCK(c h: ) =
U (c,h; D) =,

+3Q(c, h). (57)

Note that the period return function is augmented so that it takes into account the relevant
part of the implementability constraint € and the fixed value ®. The solution to the above
problem delivers policy functions for (c, h, k') as functions of(k, s) and ® from period one

onward.!? O
The time-varying ®, has the following properties:

Proposition 3. (Properties of the cost of distortionary taxation)

1. (Monotonicity) Let the household have a preference for early resolution of uncertainty
(v > p). Then
o if i >0, then (i)t-i-l > ét
o if 1 <0, then Ci>t+1 <,
The inequalities are reversed in the case of a preference for late resolution of uncertainty

(v<p)

12A full characterization requires solving in the initial period the problem

P Y (UK (co, ho; @) — Dug PucoagWo + B w(s1]50) VO (ky, 513 )] (58)
Co,No,R1

s1
subject to the initial resource constraint. Remember that Wy stands for initial wealth. Note that the initial
policy functions are functions of ® and the initial state (bo, ko, s0). The final step is to adjust appropriately
® so that the intertemporal implementability constraint is satisfied.
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2. (Martingale Characterization) Then inverse of d, is a martingale with respect to the

beliefs 7, - My and as a result, @, is a submartingale with respect to the beliefs m; - M,.

Proof. Part (1) is obvious from the law of motion of 1/® (54). For the second part, take

conditional expectations with respect to the measure 7, - M; in (54) to get

1 1
Eymii < = —Bmp + (1= B)(p— 1 Em Vi !
t+1 (Pt

1
- . +(1—=06)(p— ’Y)Etmt-i-lv;t-i-l 77t+1’

t

since Eym;y1 = 1. Recalling the definition of m,; allows rewriting the expectation in the

second term as

o vl—v o Mp—v V. =
1 1 1
Etmt+1‘/;+(1 Iy = B, Mtltlv Vt+(1 iy = B2 o Me+1
t
=

_ p—1 T—y _
= Etmt+1 N1 = 0,

it} ~
since Eym, {m41 = 0, according to lemma 1. Thus 1/®, is a martingale according to

the measure m; - M;. Furthermore, since the function f(z) = 1/z is convex for z > 0, an

1
+1Xt41 "

X, =1/ (I>t and use the martingale result to finally get EtthCIDtH > Cf>t ]

application of the conditional Jensen’s inequality leads to E,my <~ %o 2 T Set now

Note that since ® is a positive submartingale, it converges almost surely according to
the measure 7 - M to a a random variable. A natural question that proposition 3 leaves
unanswered is about the stochastic properties of ® under the original probability measure

that describes uncertainty 7.

Proposition 4. Stochastic properties of ® according to w. To be completed.

6 Capital and labor income taxation

The time-varying nature of the cost of distortionary taxation ® is changing drastically the

implications for the taxation of the intertemporal and the intratemporal margin.
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6.1 Intertemporal wedge: capital tax

The optimal choice of capital k' is affecting also the market value of the household’s wealth
w. This can be seen by the optimality condition (39) which equates the marginal cost
of increasing k' by one unit the current period with the marginal benefit of having one
additional unit of capital in the beginning of next period and the marginal benefit or cost
that an additional unit of & has on w.

Turning now into sequence notation and using (54) in order to rewrite (44), allows us to

see more explicitly the dependence of the optimal capital decision on the time-varying @,

. - &
Ae = BEm | Vie(Ze41, Frg1s Se41) = -~ (59)
i1

Furthermore, using the envelope condition with respect to capital Vi = 5\(1 — 0+ Fg),

and updating one period delivers

Et :Jrl(l - (5 + FK7t+1) - ]., (60)

where

= 5\t+1/‘i)t+1
* = fm) T —— .
t+1 1 N/

(61)
I will call S}, the planner’s stochastic discount factor.'® Sy, is an object that captures

how the planner discounts the pre-tax return on capital at the second-best allocation. Sy,

contrasts to the market stochastic discount factor S;,; = ﬁmﬁ Uct1/Uecy. It is easy to see
that in a first-best world with lump-sum taxes available, we would have Sf, , = S;.;. The
planner’s discount factor Sy, can differ though from Sy, in the second-best world, and is
useful in summarizing the optimal wedge at the intertemporal margin. More specifically,

recall the definition of the ex-ante tax rate on capital income (25) and use (60) to get

138 | depends on the state X = (z,k, s) and the shock s’ as follows:

V(2 (X), K(X),s")P A(zy (X), K'(X), 8) ®(X)

ry

Sip =955, X) =5 — - , / —.
S [7(s|s)V (2 (X), K/ (X), s')1=7] = A(X) P(z, (X), k' (X),s")

26



e B[St — St (1 =0+ Frepqa)
" EiSi1Frei

. (62)

Thus, there is a positive (negative) tax rate on capital income if the numerator of (62) is
positive (negative). Another way to think about the sign of the numerator is in terms of the
size of the (non-centered) covariances of the planner’s and the market stochastic discount
factors with the pre-tax capital return 1 — § + F441. A (non-centered) covariance of the
market stochastic discount factor with pre-tax return on capital that is larger (smaller) than
the respective non-centered covariance of the planner’s stochastic discount factor, leads to a
positive (negative) ex-ante tax rate 75, > 0 (7/§; < 0).

The planner’s stochastic discount factor S; ; is associated with the market stochastic

discount factor S;,; as follows

* _ S 5\t+1/((i)t+1Uc,t+1)
1 — t+1 N =
" A/ (BU. )
1 Qe t41
= St (63)
o, " U

where T used the optimality condition with respect to consumption (37)in the second line.

Thus, the difference in the two discount factors can be expressed as

1 1 Qc,t Qe t41
* —_— — = k] - ;)
St+]. - St+1 - [oF Py Uc,t Uc,t+1 (64)
Stt1 - Ly Qe .
<I>t Uc,t

The difference in the two discount factors and, consequently, a wedge at the intertemporal
margin, can be attributed to time variation in the marginal cost of distortionary taxation ®
and to time variation in §2./U.. Remember that {2 stands for consumption minus after-tax
labor income, weighted by the period marginal utility of consumption. Calculating Q./U,

delivers

=1 — €cc — €ch,s (65)

SR

where €.. = —U..c/U. and €., = Uyh/U,, i.e. the own and cross elasticity of the period
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marginal utility of consumption with respect to consumption and labor.'4

Proposition 5. (Sources of capital tazation) The ex-ante taz rate on capital income 7L | is

positive (negative) iff

1 1
EiSiia(1 =0+ Fr 1) [(T — = ) + (Ecc,t+1 + €cht+1 — €cet — Ech,t)i| > (<)0
O Dy A ~ ~
variation in period elasticities

variation in D¢

If €cc + €cp, 15 constant, then the only reason for taxing the intertemporal margin comes from

variation in the cost of distortionary tazation ;.

Let’s interpret what proposition 5 implies about capital income taxation. Assume that we
are in a deterministic economy. Then ®, is constant and capital income is taxed (subsidized)
if the sum of the own and cross elasticities is increasing (decreasing), as can been seen from
the formula in proposition 5. A necessary and sufficient condition for a zero capital tax at
every period in the deterministic economy is that the sum of the elasticities of the period
marginal utility of consumption is constant (which implies that S}, = S;41). The sum
of the elasticities is constant at the deterministic steady state, which delivers the zero tax
result of Chamley (1986) and Judd (1985). Turning now to the stochastic case of Chari et al.
(1994) and Zhu (1992) with time-additive expected utility (p = ), variation in @, is again
absent. The analysis remains essentially the same as in the deterministic case, with the
nuance of integrating properly over next period’s shocks the product of the market discount
factor, the pre-tax gross return on capital and the change in the sum of period elasticities.
Variation in the sum of period elasticities is a necessary condition for an intertemporal wedge,
since a constant sum of period elasticities would imply 57, = S;11. For the case of EZW
preferences, even in the case of constant period elasticities, the variation in ®; consists a
novel source of taxation at the intertemporal margin, reflecting the presence of continuation

values in equilibrium prices.

6.2 Intratemporal wedge: labor tax

We can eliminate A and combine the first-order conditions with respect to consumption and

labor (37)-(38) in order to derive the optimal wedge in labor supply as

14Note that I have multiplied each elasticity with minus unity.
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T

H:UCFH_Ul:_é[QC_’_ Qp ]’

UCFH Fc UCFH

Q. _ 9 U
UFg ~— U UcFg

which, by using = %’;(1 — 1), becomes

TH(kaas) - 1_(’1“)% (66)
Ul
Note that
Q
7}; = —1 — €Eph — €Ehey (67)
where e, = —Uyh /U, and €, = U.c/U;, the own and cross elasticity of the period marginal

disutility of labor with respect to labor and consumption. So, by using (65) and (67), the

optimal labor tax becomes!®

TH & €ceyt + €ch,t + €Ehht + €he,t
t — Xt = )
I+ (I)t(l + €hht T Ehc,t)

t>1 (69)

The optimal labor tax varies either due to variation in the elasticities of the period
marginal utility of consumption and the period marginal disutility of labor or due to vari-
ation in ®,. Expression (69) illustrates the two separate sources of taxation also at the
intratemporal margin, the period utility channel (the period elasticities in (69)) and the
continuation value channel (®,).

In the next subsection I am going to obtain a sharper characterization of the optimal
labor and capital taxes by assuming particular functional forms for the aggregator u, that

will deliver explicit formulas for the period elasticities €;;,, 7 = ¢, h.

15Similarly, the labor tax at t = 0 is

= €ce + €ch + €nh + €nc + (]- - T({{)F%{iHHkO - (ecc + th)Calwo

To — Po =
0 1+ ®g (]. + €nn + €he — Ehccal‘/[/o)

; (68)

where the respective elasticities and marginal products are evaluated at the initial allocation.

29



6.3 Aggregators u

Consider two specifications of u:

6.3.1 Separability of consumption and leisure (zero capital tax for expected
utility)

Consider preferences that are separable between consumption and leisure and isoelastic in

consumption with parameter p,°

1

u(e,1 —h) = [c'7 = (1= p)v(h)] 7. (70)

For specification (70) we get the own elasticities €.. = p and €y, = v”(h)h/v'(h) and
zero cross elasticities €., = €, = 0. Note that for this aggregator, the inverse of the

elasticity of the marginal disutility of labor represents the Frisch elasticity of labor supply

er(h) =1/en = 1/ 550,

Chari et al. (1994) have shown that these preferences imply a zero ex-ante tax rate on

capital income. This is easily seen from the formula in proposition 5. The elasticity of the
period marginal utility of consumption is constant and therefore, for the case of expected
utility (p = 7, which implies a constant Cf), we have the equality of the planner’s and the
market discount factor S} ; = Si;1, leading to a zero ex-ante tax on capital income.'”
Thus, for these preferences, when p # ~, the variation in the cost of distortionary taxation
creates tazation of the intertemporal margin. In particular, use the law of motion (54) and

proposition 5, to find that

751> 0(< 0) #f ESia(1— 8+ Fiepyn)[=(1 = B)(p = VAL ] > 0(< 0).  (71)
1-p =y
Since N1 = 2e41 — My Eymy{ 241, takes both positive and negative values, the sign of

the above expression is not obvious.

The optimal labor tax (69) simplifies as follows:

16We can see in a clearer way the separability between consumption and leisure by applying the p-
1—
transformation to get the period utility function U(c,1 — h) = < 1j;1 —v(h). For p = 1, the utility
recursion becomes V; = exp [(1 — ) (Inc — v(h)) + B1n p1¢].
"The zero tax result would obviously hold also in a deterministic economy for the aggregator (70).
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_ p+ 5;
i =y > (72)
1+ (I)t(l + m)

illustrating that variability in the optimal labor tax is due either to variability in the

Frisch elasticity ez or to the cost of distorionary taxation ®,.'8

hlton

Constant Frisch elasticity. Let v(h) = a7

er = 1/¢n. Expression (72) shows that the labor tax is constant in the case of expected

which implies a constant Frisch elasticity
utility (i)t = @), leading to perfect tax smoothing. For p # v, this is not true anymore, due
to the variation of ®. In particular,
Proposition 6. (Labor tax with constant Frisch elasticity)

1. The labor tax takes the form

I +(1—6)(p—7)v

s t—(ll—p)
TEH o p+ on *

?7t+1,t Z 1. (73)

2. (Monotonicity) Let the household have a preference for early resolution of uncertainty
p <7 (the direction of the inequalities is reversed for the case of p > ). Then
o if ny1 >0, then 71, > 71 (because ®,, increases)
o if i1 <0, then 71, < 71 (because @, decreases)

3. (Martingale Characterization) The inverse of the labor taxz 1/7} is a martingale with

respect to the beliefs m; - My and therefore, T/ is a submartingale with respect to m; - M;.

Proof. Write the inverse of the labor tax as

1 _1+¢h 1 1

H T p+ o P‘H%@Tt’

and note thatl/7/ is an affine function of 1/®,. Given the law of motion of ® (54), this
allows us to write the law of motion of the labor tax as in (73). Notice the close resemblance

of the law of motion of the labor tax (73) to the law of motion of the cost of distortionary

18The labor tax at ¢t = 0 would differ due to the initial wealth and capital,

5,7zt + (=) Bk — pey 1o
14 ®o(1+ —sF(lho))

o
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taxation (54), a fact that leads to similar conclusions about monotonicity and martingale-like

properties as in proposition 3. L]

6.3.2 Balanced-growth consistent preferences of Chari et al. (1994)

Preferences (70) do not allow for balanced growth in a deterministic version of our economy,

unless p = 1. Consider a Cobb-Douglas aggregator
u(c,1 —h) = (1 —h)'7?, (74)

where 0 € (0,1). These preferences feature non-separabilities between consumption and
leisure and have been a workhorse for the RBC literature. They consist the basis of the
quantitative experiments of Chari et al. (1994). According to (74), the elasticities of the
period marginal utility of consumption are €, = 1—60(1—p) and €., = (1—6)(1—p)h/(1—h),
and the elasticities of the period marginal disutility of labor are €, = (0 +(1—0)p)h/(1—h)
and €. = 0(1—p).! Note that, in contrast to the separable preferences, there is variation in
the sum of the elasticities of the marginal utility of consumption (since €., depends on labor
h), leading to the taxation of capital even in the expected utility case (p = ), constituting
the base of the quantitative experiments of capital taxation of Chari et al. (1994). The
variation due to the marginal utility channel would be absent if p = 1 (€., = 0, since then
(74) becomes a subcase of the separable preferences (70)) and we would have only the novel

variation in ét as a channel for the taxation of capital. The labor tax for t > 1 becomes?

8 14 L
H =& —— Lhe : (75)
1+ @, [1 +0(1—p)+ (0+(1—0)p) 1&;”]
which for p = 1 simplifies further to
- 1+ ——
TtH - er(he) (76)

t = )
1+®t[1+$}

9The Frisch elasticity is ep(h) = %W.
20At t = 0 we have

14+ 12%0 + (1 - T()K)LlffHH ko - 651WO

L0 [140(1—p) + (04 (1 0)p) 23— 0(1— p)co_lwo} '

TOH:(DO
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with ep standing for the Frisch elasticity, ep(h) = 1;5”. This formula could have been

seen also from (71), since p = 1 restores separability.

7 Numerical examples

[Incomplete]

8 Concluding remarks

The analysis in this paper shows that when the temporal composition of risk matters, the
conventional tax smoothing results are altered drastically. Capital income is taxed, the labor
tax is time-varying and persistent and optimal policy generates endogenously persistence
independent of the stochastic properties of the exogenous shocks. Debt does not act only
as a fiscal absorber, but is also used as an instrument to affect the equilibrium return of
government debt. More broadly, Thomas D. Tallarini (2000) has shown that an RBC model
with EZW preferences improves asset pricing predictions, without altering the basic quantity
predictions. This success could be also seen as puzzling, since it reveals in a sense a dichotomy
between asset prices and quantities. In contrast, one of the theoretically interesting outcomes
that emerges in the current analysis is that the forward-looking nature of pricing kernels with
recursive utility makes optimal tax rates persistent, tying together in a non-trivial way asset

prices and quantities through the policy instrument.
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A Optimality conditions

Define the Lagrangian of the Ramsey problem

L= [(1 = Blule,1 =)' 7 + By w(s|s)V (2, K 8) 7] ﬁ} =

Sl

/ / N\p—y
—®[z—Q(c,h) - B Z m(s']s) iz ¥, o) =
s/ [ZS/ 7Ts/|SV(Zg/’k/7s/)l—'Y:|ﬁ

e+ kK — (1= 08)k+gs— F(s, k,h)].

The first-order necessary conditions for an interior solution are

[(1— B)ut™" + Bu' 75 (1 — B)uPue + ®Qu(c, h) = A

heo =[(1=B)u'™" + Bp' )T (1 = B)yuuy + @ (c, h) = —AFu(s, k. h)
Koo (1= B+ But | Te B ZW(3/|S)V(zg,, K, s V(2 K 8') + ﬁfb% =
200 (1= putr+ ﬁ,ulfp]ﬁﬁu“”pﬂ(s'ls)‘/(z;,, K YV, (20, K8 + beaauj =0
2,
Furthermore, the derivatives of w take the form
Ow ’ = o oo =11
a0 = P Y w8y my Vil K SV (2 K8
Ow 1= 1=

S = (19— it Vel K SOV (sl K)o (sl

where 7/, and m/, are defined in the text. Use now the fact that at the optimal solution
V(z,k,s)'77 = (1 — B)u'=" + Bu'~" and the tilde notation (35) to get equations (37-42) in
the text.

B Sequential formulation

[Add the sequential formulation here.]
C Details of examples
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